COLLECTIVE SYNCHRONIZATION OF THE MULTI-COMPONENT
GROSS-PITAEVSKII-LOHE SYSTEM
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ABSTRACT. In this paper, we propose a multi-component Gross-Pitaevskii-Lohe (GPL
for brevity) system in which quantum units interact with each other such that collective
behaviors can emerge asymptotically. We introduce several sufficient frameworks leading
to complete and practical synchronizations in terms of system parameters and initial data.
For the modeling of interaction matrices we classify them into three types (fully identical,
weakly identical and heterogeneous) and present emergent behaviors correspond to each
interaction matrix. More precisely, for the fully identical case in which all components
are same, we expect the emergence of the complete synchronization with exponential
convergence rate. On the other hand for the remaining two interaction matrices, we can
only show that the practical synchronization occurs under well-prepared initial frameworks.
For instance, we assume that a coupling strength is sufficiently large and perturbation of an
interaction matrix is sufficiently small. Regarding the practical synchronization estimates,
due to the possible blow-up of a solution at infinity, we a priori assume that the L*-norm
of a solution is bounded on any finite time interval. In our analytical estimates, two-point
correlation function approach will play a key role to derive synchronization estimates. We
also provide several numerical simulations using time splitting Crank-Nicolson spectral
method and compare them with our analytical results.

1. INTRODUCTION

After the first realization of the Bose-Einstein condensate (BEC) [2, 18, 23] for a trapped
dilute Bosonic gas in 1995, the BEC has received considerable attention from mathematics
and physics communities. Below a sufficiently low temperature smaller than the critical
temperature T, it is well known in [28, 48] that the properties of the BEC are well described
by the complex-valued wave function ) = ¢ (x,t) whose governing dynamics is the Gross-
Pitaevskii equation (GPE):

10p) = —%Auj + Vo + B2, xeRY t>0, (1.1)

where i = v/—1 denotes the imaginary unit, and V' = V(z) and /3 represent a real-valued
trapping potential determined by the system and the short-time interaction rate, respec-
tively. Several interesting properties of the BEC such as long-range dipole-dipole interaction,
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rotating frame and spin-orbit coupling can be considered both physically and mathemat-
ically (see [10] for a nice introduction for the BEC). From the numerics point of view,
there are numerous developments to discretize GPE (1.1) via Crank-Nicolson finite differ-
ence (CNFD) method [3, 10, 11, 29] and time-splitting sine pseudospectral method (TSSP)
method [10, 12, 14, 15, 16, 17]. We also refer the reader to [3] as a review of numerical
methods for nonlinear Schrédinger equations.

Recently, quantum synchronization attracts considerable interests from physics and en-
gineering communities, especially in quantum optics, due to its potential application in
quantum computing, quantum information and optomechanical control [25, 26, 27, 34, 39,
42, 43, 46, 47, 50, 54, 55, 56]. Moreover, there has been an attempt to link between classical
synchronization and quantum entanglement [52]. See [1, 32, 49] for a brief introduction
to classical synchronization. To date, several mathematical models were proposed to de-
scribe quantum synchronization, e.g., the quantum Van der Pol oscillator [41, 51}, quantum
Liouville-type equations [5] and matrix-valued quantum Kuramoto model [24, 31, 33, 45],
etc. Among them, we are interested in synthesizing the M. Lohe’s idea in [6, 20, 21, 35, 36|
together with the GPE as a principle of modeling.

To fix the idea, we consider a quantum system whose components are distributed on each
node, and v¢; = 1j(x,t) denotes the wave-function of the j-th quantum sub-systems on the
spatial domain R%. We assume that the dynamics of 1; is governed by the multi-component
Gross-Pitaevskii-Lohe system:

Y1 T Ty J %3 r Rkl ¥ 2Nk:1 jk k 7<¢ja¢j> 5] (1.2)

Yj(z,0) =¢?(x), (x,t) Ei%d xRy, j=1,---,N.

For k = 0, system (1.2) has been introduced as a model for multi-component model BEC
[7, 8, 53] and/or spinor BEC [9, 12, 17]. Here, V; = Vj(z) is an external trapping potential
acted on j-th node, B = (/) takes account for the particle interaction rate where all 3,
have positive values so that our system becomes defocusing, x represent a positive Lohe
coupling strength and A = (a;i) describes the network structure between quantum sub-
systems. Throughout the paper, we assume that the external potential V; has the form of
quadratic function:

d ¢ k2
w:
Vj(x) = E (;)|xk|2, z=(zt, - 2% e RY, w}“ >0 for all j, k. (1.3)
k=1

Global well-posedness for system (1.2) with (1.3) can be obtained using standard Strichartz
estimate and energy estimate (see Theorem 3.1). In particular, global well-posedness theory
yields that we have a uniform bound for %; in the L*norm in any finite-time interval. On
the other hand, when Gross-Pitaevskii terms are zero, i.e., B = O, system (1.2) becomes
the Schrédinger-Lohe system whose emergent dynamics has been extensively studied in
[5, 20, 21, 30, 35, 36, 37].

In this paper, we provide several sufficient frameworks leading to collective behaviors of
the multi-component system (1.2). We denote the collective behaviors to describe emergent
phenomena exhibiting the vanishing of difference between wave functions in some sense.
More precisely, when the L?-distances between all wave functions tend to zero, we call it
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“complete synchronization” (see Definition 3.1(i)). This is the case where external poten-
tials are all identical. In contrast, when external potentials are distinct, it is most unlikely
that the L?-distances between wave functions tend to zero asymptotically (e.g., see Case 2
and Figures 6.2(b)—(d) in Example 6.1 ). Hence we cannot expect the complete synchro-
nization. Thus, we need to introduce a weak concept of synchronization, namely “practical
synchronization” to denote the situation that we can make the L2-distances small by tuning
the Lohe coupling strength x large enough (see Definition 3.1(ii)).

The main results of this paper are two-fold. First, we deal with a two-component system
with N = 2 and identical harmonic potential as an external potential. When the interaction
matrix B = (f;;) is a positive constant multiple of Jy (where all entries are one), our first
result says that the complete synchronization occurs asymptotically and center-of-mass
tends to harmonic motion asymptotically (see Theorem 3.2). Second, we deal with a multi-
component system with N > 3 under three types of coupling matrices (fully identical,
weakly identical and heterogeneous). More precisely, we consider the following three cases
in terms of the interaction matrix B = (f;;):

(i) (Fully identical interaction) : B = Jy,
where J denotes the N x N matrix whose components are all 1.
(ii) (Weakly identical interaction) : B = SJn + diag(e1, -+ ,en).

B bz - Bin
B B - B
(iii) (heterogeneous interaction) : B = ?1 o 2‘N + diag(e1, - ,en).
Bnt Bnz oo B

For the fully identical case, if the relative distances between initial data are small, the
Lohe coupling strength is positive and the network topology A =: (ai;) is close to the
identity matrix in L sense (see the condition (3.6)), the complete synchronization occurs
exponentially fast (see Theorem 3.3), i.e., there exists a positive constant a depending only
on the network structure 4 such that
| Dnax [i(t) = 1 ()| L2may < O™, >0,

On the other hand, for the weakly identical and heterogeneous cases, we impose several
initial conditions on the system parameters. For instance, as in the identical case, the
network topology is close to the identity matrix in L>-norm. This is realized as A\(A) > 0
in Theorems 3.4 and 3.5. For the interaction matrix B, its perturbation from the identity
matrix is sufficiently small and for the coupling strength «, it should be sufficiently large
and we provide its lower bound, which would not be optimal, in (3.7) and (3.10). To be
more specific, we control the maximal L2-distance between wavefunctions in terms of 1/x
so that we are able to make the maximal L2-distance small as we wish by controlling the
coupling strength. On the other hand, due to the possible blow-up of the L*-norms of a
global solution at ¢ — oo, we do not provide the uniform-in-time practical synchronization
estimate. Note that since the L*-estimate is not required in the identical case, we can
present the uniform-in-time estimate which is valid on ¢t — co. Hence, when we deal with
the weakly identical and heterogeneous cases, we alternatively consider the estimates valid
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on any finite time interval. To this end, we derive practical synchronization estimates on
any finite-time interval: for T" > 0,

1
(1) — s (t <o(-~),
JSup, | max [10i(t) — i (O L2(ray < NG
under suitable assumptions on the network structure and large coupling strength (see The-
orems 3.4 and 3.5).

The rest of the paper is organized as follows. In Section 2, we study a priori estimates for
the multi-component GPL system and derive the dynamics of the mass, energy and two-
point correlation function. We also briefly discuss the relation with other synchronization
models. In Section 3, we present our two main results on the two-component system and
multi-component system. In Section 4, we provide the proof of the two-component system.
More precisely, we show that for generic initial data, complete synchronization and periodic
harmonic motion can arise simultaneously. In Section 5, for the multi-component system,
we present two frameworks leading to the practical synchronization. In Section 6, we pro-
vide several numerical simulations and compare them with our analytical results. Finally,
Section 7 is devoted to a summary of our main results and some remaining issues for future
works. In Appendix A, we present a proof of Theorem 3.1, and in Appendix B, we provide
a proof of Lemma 4.3.

Notation: Let f and g be complex-valued functions defined on R? and p € [1, 00]. Then,
we set LP-norm of f as ||f||,. In particular, we denote the inner product and L%norm as
follows:

()= [ s@at)dz, Il = VD,

where g denotes the complex conjugate of g. For given finite sequences (p;), (p;;) in RY and

RN*N " we set
maxp; := max p;, minp;:= min p; max = max min = min .
: bi lgiSNp“ ; Di 1Si§Np“ i Pkl 1§k,l§Npkl’ o Pkl 1§k,l§Npkl

2. PRELIMINARIES

In this section, we study a priori estimates for the multi-component Gross-Pitaevskii-Lohe
(GPL) system and relations with other existing models for synchronization.

2.1. The Gross-Pitaevskii-Lohe system. Consider the Cauchy problem for the GPL
system:

100ty =~ Ay + Vi + ﬁ:ﬁmi/)k!% + o ﬁ:“ﬂf (ﬂ)k - WW) ,
2 k=1 2N k=1 (%ﬂﬁﬂ (21)
%(w,o):w?(x), (z,t) eR*x Ry, j=1,---,N.

Note that when we turn off the Lohe coupling with x = 0, system (2.1) reduces to the
multi-component Gross-Pitaevskii system [7, 8, 53] for BEC:

N

: 1 ,

10y = —5A%; + Vit + > Biltkl*;, t>0, j=1,---,N.
k=1
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In contrast, when we set §j; = 0 in system (2.1), system (2.1) reduces to the Schrédinger-
Lohe model for quantum synchronization which has been introduced in [44]:

_ <¢jv¢k>

i 07 :]-avN
Geg)s 120

N

. 1 ik

100 = —5 A% + Vit + o > aj <1/1k
k=1

Hence, the GPL system contains two quantum mechanical phenomena: the Bose-Einstein
condensation and the quantum synchronization.

Now, we look for the relation with classical synchronization models. To see the relation,
we need to set ansitze for V; and ;:

Vj(x) = v; € R: constant, oj(x,t) := e %O (z,¢) e R x Ry.

We substitute the ansétze above into (2.1); to get

fe710 = (Z Bjk +v]) w04 2N Zam (7 — et ) - (2.2)

k=1

We multiply the relation (2.2) with e and take real parts in both sides to find the Ku-
ramoto model [40]:

9 =v;+ NZsmGk— Zﬂgk+l}]

k=1

Thus, the GPL system incorporates the quantum and classical synchronous features.

2.2. A priori estimates. In this subsection, we study a priori estimates such as the L?-
conservation and dissipative energy estimate.

For ¥ = (¢1,--- ,9¥n), we introduce an energy functional £[¥] and energy production
terms as follows:
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N
1 1 ,
§|V¢j\2+‘/j|¢j!2+ QZ/BJM%PMP] de, j=1,---,N,
k=1

N

HUES [ V2 + &Z(%vm(wﬂ%rwk\?)

1 N
+oN W:l(ﬁjé + Bre) e > (Jo * + \WF)] dx
o . (2.3)
.szwm W)=Y & (v,
j=1

N
V)= Z/ V¢k—V¢jl2daz+/ (Vi + Vi)l — vu|* da
N R4 Rd

k=1

o
Q.

+7 Z/ (Bje + Bre)ltby — x| da.

]k:Z 1

Remark 2.1. 5; [W] is the energy of j-th wavefunction, and it is well-known that the energy

5} [V] is conserved for k = 0 and each j = 1,--- ,N. On the other hand, 5]2[111] measures
how oscillators are far from the identical state. More precisely, for the identical external
potentials and interaction rates:

V=V, B=B,
it follows from (A.4) that

Finally, £4[V] describes the total energy difference between wavefunctions.

In the following lemma, we show that L2-conservation of 1j and energy estimates. How-
ever, we see that the total energy would not be conserved along the GPL flow.

Lemma 2.1. Let ¢ be a global smooth solution to (2.1) with the following conditions:
Hw?H:L fOT’ a’”jzla"',N and A= Jy.

Then, we have
d d N N
%“1/}]”2:07 .7:177N7 %g[\l/]:/{Zﬁf[\lf]—ﬁzrjgjl[\:[l]—K;gd[\:[l]’ t>0.
j:l =

Proof. (i) The L2-conservation is rather straightforward. Thus, we omit its details.
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(ii) Since the energy in relation (2.3) is conserved for the case k = 0, we only need to focus
on the term containing the Lohe coupling strength x. Note that the following relation holds:

Ou1? = 00 (0595) = D0ty + 39005 = Oy + Dlytyy = 2Re (- 05 ). (24)

By integration by parts, we have

iV:/ (-;%A%-) +at(vj%¢j> + 0 (; Eilﬂmwﬁwj)

> [

]’éi [

% ZN: / Re
- Z Re

1, - B _
oj <—2A¢j + Vi + 5 Z@AWI%)] dx
=1

N N
(Z Vi — Wj,wk)%) (-;A@j + Vi + ;Zﬁjdwz\g%)] dz

— G VRAT + Vit + Zﬁjerw wwj] d

(1, k) / (-;%A%’ + Vil + ;Zﬁje!W\Zl%F) dm]
=1

]k 1
=:111 + Tio.
(2.5)
Below, we present estimates of Z17 and Z;9, respectively.
e (Estimate of Z11): For the notational simplicity, we set
1
 —_— . 2 ) — ..
C;[0] := izﬁﬂyw\ eR, j=1,---,N. (2.6)
(=1
Then, we split the term Z7; into two terms:
e 1 1
_ _ 5 -
Tu = Z /Rd Re | —Svulg; + Vivws + 5 Zﬁjé\ﬂ}d ¢k¢j] dx
(2.7)

" Z [ re [—u}km@ (V; + [0 ]wk%] dr
]k 1
=: 1111 + L112.
o (Estimate of Z311): We use the following identity:

2Re(u - 0) = |ul®> + [v]* = Ju —v|* for u,v € C4, (2.8)
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to find
K N 1 - N
Ti = Nj;l /Rd Re [—2% zpj] dr = — EI/R Re [QVW ij] dx
o N
- N > /R (\V¢k|2+|v¢y|2 (Vo — Vi ) (2.9)
3,k=1

N
:52 1Vl d:c—— |wk—v¢J| dx.
2

j=1 jk 1

o (Estimate of Z112): We use the index change trick j <+ k and the identity (2.8) to see

) Re[(v;- +C; [\I/])@/;k&j} da

S
bl
Il
—

iy
I
=] =
.MZ
—

Re[(V; + W)l + (Vi + Cel9])050) | da

e
i
L

I
2|
M-
T

Re|(V; + C5[¥] + Vi + Ch[W])th; | de

I
2|
M-
T

e
o
Il
—_

(Vo Vi G5 0]+ D (el + [ = [ — )

I
2|
M-
T

s
Eond
Il
—

[V Vil + ;) d“Z/Rd W)+ Gl (4l? + 1P) da

Il
=k
‘MZ
\

2
i
L

L5+ Vet ¥+ LDl =l d

2 N
TEMZ

(2.10)

n (2.7), it follows from (2.9) and (2.10) that
Ty =" Z/ Vi P + Z/ (Vy + Vi) (al? + [155]2) da
Z/Rd W)+ GOl + 95P%) o — Z/ Vi — Vil da

Z/ (Vy + Vi + C5[0] + Gyl W)y — 2 da-
jk 1
(2.11)
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e (Estimate of Z12) By straightforward calculation, one has

Re [<¢j7¢k> /Rd (—;%‘A%‘ +(Vi+ Cj[‘I’])WjIde)]
Ro (s tud [ 590+ (V4 Gl ] (2.12)

N

1
=—h) i /R 5| VO + Vil | + ][, da
j=1

In (2.5), we combine (2.11) and (2.12) to obtain the desired energy estimate:

N
—8 = ,@252 — kY &[] - kE[T], t>0. (2.13)
j=1
Note that we do not have definite monotonicity of the energy functional. 0

Next, we introduce our key quantity “two-point correlation functions” for synchronization
estimates as follows:

N
av 1 ..
hzg = Wu%% dz (A) = N g aij, 1,J = 1’ 7N'
i=1

Lemma 2.2. Let 1; be a global smooth solution to (1.2) with ||1/1?H =1forj=1,---,N.
Then, fort >0 andi,7=1,---,N, one has

d . _
1= hig) = I/Rd(vi = Vi)gihjdx
+ i/Rd ((5jz’ — Bi)lil* + (Bj5 — Bij) s 1* + Z (Bir — »Bjk)|1/)k!2)1/wf)jd:ﬂ

ki,

Mz

- g(d?V(A) + d?V(A))(l (azk (1= hig)(1 - hzy) + aak(l - hka)(l - hw)

k;:
+ (aik — ajk)(l — hkj — (1 — hzk)))
(2.14)
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Proof. We use (1.2), to get

@ 5 = (@i ) + (o Doty
= (lavund 5o Aud) + (= i) + 005 Vi)

N
=13 (4Biwlen i, ) + 10, Byeln )
k=1

N
+ % Zaik<¢k = hiti, ¥5) + aje (i, Ve — hjkid;)
k=1

=:To1 + T2 + Loz + To4.

In what follows, we present the estimates for Zog, k = 1,2, 3,4, separately.

o (Estimate of Zo1): We use the self-adjoint property of the Laplacian to see

Ton = (i, ) — 0 ) = & 3, ) — 2 (4, Ay = 0.

o (Estimate of Zy2): Since V; is real-valued, one has
Toy = —itVivh )+ 0 Vi) =1 | (V) = Vit da.

e (Estimate of Z3): We split the term Zo3 into several terms to find

N
Toy = 37 (=iBalbn i) +1 (s, Byl ;)
k=1

N
= —1{Balvil*vi ) — 1(Bis s Pvi ) =1 (Binlenl*vi, )
k4,5
v
+ (i, Bjalwil ) + 10, Bl Pas) +1 ) (i, Bkl ey)

k#i,j

=1i(Bji — Bii) /]Rd i 2inhj doe +1(B;5 — Bij) /]Rd |9 [*2psab; dae
+1 Z (Bjx — Bix) /Rd i it d.

k#i,j
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o (Estimate of Zp4): We recall a definition of the two-point correlation function h;; to see

Toy = :aika — hariy ) + a i, Yr — hjkwjﬁ

==

aik(hig — hichiz) + ajr(hi, — hkjhij)]

_aikhik(l — hij) + aix(hij — hik) + ajphig (1 = hij) + aji(hic — hig)

==

I
|-
M= 1= I

B
Il
—

(i (b — 1)+ agi(hrg = 1)) (1= hij) + (aig + a)(1 = hij)

N
2=
M=

=
Il
,_.

+ (@i — aji) (hij — hik)]~

Finally, we combine all estimates to find the desired dynamics.
O

As a direct application of Lemma 2.2, we can derive cross-ratio like quantities which play
a key role in the selection of possible asymptotic states:

(1 = hig) (1 = he)
(1= hie)(1 = haj)’
In fact, authors of [37] showed that the quantities above are conserved along the GPL

system with B = O and A = Jy. Here, we also show that this quantity is conserved along
the flow (1.2) provided that A = Jy and B = Jn.

Rijhe = 1<4,j,k t<N. (2.15)

Corollary 2.1. Suppose that the initial data, the interaction matriz B, network topology A
and external potentials satisfy

and let 1; be a smooth global solution to (1.2). Then, Rijke is invariant under the flow
(2.1).

Proof. We substitute (2.16) into (2.14) to see

d N
(1= hij) = —% ;(hik + hig) (1 = hij)
1 N
= —r(L = hig) (¥, Q) + (G 0y)s Ci= 5 S .
k=1
This yields
(llii;:j) = —r((¥i, Q) + (¢, ¥5))- (2.17)

ij

On the other hand, it follows from (2.15) that
lnRijkg = ln(l - h”) + ln(l — hkg) — ln(l - hw) - ln(l - hkj)
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Finally, we differentiate the relation above and use (2.17) to obtain

d C(I—hy)  (L—hk)  (A—hy) (1= hy)
ar BTk = 1—h:j + 1—}52 - 1—h; - l—hl:j
= —r({¥i, () + (¢, ¥5)) — K({(Yk, C) + (C, %))
+ &((i, C) + (%)) + £ (Y, C) + (C,95))

=0.

3. DESCRIPTION OF MAIN RESULTS

In this section, we briefly discuss our main results in the collective synchronous behaviors
of the GPL system. First, we recall definitions of complete and practical synchronizations
as follows.

Definition 3.1. Let v); be a solution to (1.2) and T € (0, 00).

(1) System (1.2) exhibits complete synchronization, if L?-distances between wave func-
tions tend to zero asymptotically:

im0 (6) — 5(6)] = 0
(2) System (1.2) exhibits practical synchronization in finite time interval [0,T], if

I (1) — (1)) = 0.
ngloooiggT%XH%( ) = ¢l

Remark 3.1. Note that for wave functions v; with ||1;]| = 1, one has
s — wjll* = 2Re(1 — hyj) < 201 = hygl,  hij = (i, 8y).
Thus, defining relations can be paraphrased in terms of h;j:
Complete synchronization <= lim max|1 — h;;(t)| = 0.
t—oo 4,5

Practical synchronization <= lim sup max |1 — hgj(t)| = 0.
K——+00 0<t<T HJ

Before we present the synchronization estimates, we show that (1.2) admits a global
unique solution. For global well-posedness, we introduce the energy space associated with
(1.2):

X = {u e H'RY : z o |zlu(z) € L2(Rd)} .
Theorem 3.1. Suppose that
1<d<3, Bjp>0, )eXy, foraljk=1--- N.
Then, (1.2) has a global unique solution: for any T > 0,
¥ € C(10.T): Xpr) N L(0,T): B (R) N L3 (0, T): LARY), j=1.---

Proof. We provide its proof in Appendix A. O
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3.1. Two-component GPL system. In this section, we present synchronization estimate
for the GPL system under the same harmonic external potential. For simplicity, we set

2
d=1, N=2, V(w):%xz, r€R, w>0, A=Jy, h(t):=@,d)(t), t>0.

Under this setting, system (1.2) becomes

104y = mﬂn + w251321!)1 + Br1 |1 2401 + Bralia|* + (¢2 — h(t)y1),

; Opath2 + w 22299 + Bor |1 [*v2 + Baa|tba|* e + — (¢1 h(t)s) (3.1)

(Y1, 92)(2,0) = (W1(2),¥3(x)), (2,t) eRx Ry, o] = [lw3] = 1.

For a solution (¢1,12) to (3.1), we define several dynamic quantities:

(1) :_/ij(x,t)y?dx, zelt) = 2 () + 22(8), j=1,2, >0,
R

10p1pg =

Pi(t) = /R Im (& (2, )V (2, 0)) de,  Po(t) = PA(t) + P2(2),
Ya(x,t) :=Y1(x,t) —o(x,t), (x,t) € R xRy,
2alt)i= [ alvata)Pde, Palt) = [ Tm(ata,)Viata,)da

Next, we state our first main result of this section without the proof.

(3.2)

Theorem 3.2. Suppose that the system parameters and the initial data satisfy

B=pBJ,  (yf,43) # -1, (3.3)
and let (Y1,12) be a global solution to (3.1). Then, the following assertions hold.
(1) The complete synchronization emerges:
Jim [[1(2) =2 (8)]| = 0.
(2) The center-of-mass z. approaches to the periodic harmonic motion asymptotically:
there exist positive constants ay and oo such that

lim |z.(t) — (o coswt + agsinwt)| = 0.
t—o0

Proof. (i) Note that the relation (3.1); x 1y — (3.1), x 1y yields

h= 5(1—h2), t>0. (3.4)

Then, (3.4) can be solved as

(14 h%)ert — (1 — )

(1 —=hO) 4 (1 4 h0)ert’

Hence, since the initial data satisfy h® # —1, it follows from the explicit formula (3.5) that
A MO =

h(t) = t>0, h(0)=nh' (3.5)

(ii) The second assertion will be proved in the following two steps:
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e (Step A): First, we derive the dynamics of (z., P.) and (x4, P;) introduced in (3.2).

e (Step B): We use preparatory lemmas and the assumption (3.3) to study the dy-
namics of (x., Pe, x4, Py).

We leave the rigorous justification of the steps above in Section 4. O

3.2. Multi-component GPL system. Below, we begin with several notation.

(1) For the network structure A = (a;;), we define the minimum average and the
maximal difference:

N
1
= %l dzy = — % ) = ( e — )
I A 0 H];ix|a]k| 5 (A) ngzlajk (A) max Ir;?}x|ajk a|

(2) For the interaction matrix B = (f;;) which is a perturbation of a constant matrix
BJN, we set

R(B) := max |Bi; — B, d(B) = max (H;.%X 1Bk — ﬁ1k|>-

(3) For the external one-body potential {V;}, we introduce a distance in L>°-norm:

D(V) = max [[V; = Vj||o-
17‘7

In what follows, we present our main results according to the type of interaction matrix
B = (fij). As mentioned in Remark 3.1, it suffices to estimate the terms 1 — h;;. Our
second main result corresponds to

B=p3Jn, [>0.

In this case, we expect that the complete synchronization can occur. For this, we define the
synchronization functional as the maximum of 1 — h;;:

S(H(t)) = H%%X‘l—hij(t)‘, t>0

)

Then, since S(H) is Lipschitz continuous, it is differentiable almost everywhere. For nota-
tional simplicity, we set

A(A) := mind5*(A) — (A).

J

Theorem 3.3. (Fully identical interactions) Suppose that system parameters, interaction
matriz, network topology and the initial data satisfy

k>0, DV)=0, B=p8Jy, A >0, SH°) < m, (3.6)

and let 1; be a global smooth solution to (2.3) with ||¢?H = 1. Then, we have the complete
synchronization with exponential decay rate:

S(H(t)) < O(1)e A ¢ >0,

Proof. We postpone its detailed proof in Section 5.1. O
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Remark 3.2. Note that we do not require all aji, to be positive unlike the setting in [36] for
the Schrodinger-Lohe system. In fact, some of aj, can take negative values. For instance,
the following network topology is admissible:

1 1 1 -1
1 1 1 -1
A=
1 1 1 -1
Then, for A, we have
av _ N —2 _ 2 . _
d; (A)_T_l_]\f’ fori=1,---,N and §(A)=0.

One can check that this network structure fits in our setting (3.6),:

aveogy .2
ANA) = mjlndj (A)—6(A) =1 N 0.

Next, we move on to the weakly interacting case:
B = pJn + diag(e1,--- ,en) : which is a perturbation of a constant matrix 8Jy.

In this case, we derive the practical synchronization estimate. For notational simplicity, we
set

Eim (e en) D(E)immaxlei =gl [Sl = maxle.
Theorem 3.4. (Weakly identical interactions) Suppose that system parameters, interaction
matriz, network topology and the initial data satisfy

MAP
16 Al (1 + M (7))

KA(A) + \/(m)\(A))Q . 8/1||A||oo||2||oo<2M(T)3 + M(T)? + 1)

Te(0,00), £>0, AA)>0, DV)<D(E), [E]e<

S(H®) < ;
26| Alloo
(3.7)
and let 1; be a global smooth solution to (2.3) satisfying a priori condition:
sup max [[¢;(t)[|4 < M(T) < oo.
0<t<T J
Then, we have a practical synchronization on the finite interval [0,T):
IS loo (20(T)? 4+ M(T)? +1)
sup S(H(t)) < O(1 3.8
S0P, (H(t) < A (3.8)
Proof. The detailed proof will be given in Section 5.2. g

Remark 3.3. Note that the result of Theorem 3.4 does not depend on the value of B, and
the estimate (3.8) yields practical synchronization estimate in Definition 3.1:

lim sup S(H(t)) =0, forany T € (0,00).
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Finally, we consider the heterogeneous case:

B B2 - Pin
5 5?1 ﬁ ﬁQ.N ©diag(er, - en).
Byt By2 0 B

For notational simplicity, we set
G :=2M(T)*(R(B) + |Z]|o0 + 6(B)) + D(V)). (3.9)

Theorem 3.5. (heterogeneous interactions) Suppose that system parameters, interaction
matriz, network topology and the initial data satisfy

4G %] oy _ FAA) + v/ (KA(A))? — 46G 2|
(A(A))? 2|5
and let 1; be a global smooth solution to (2.3) satisfying a priori condition:
sup max [, (8)]ls < M(T) < oc.
0<t<T J
Then, we have
2G
sup S(H(t)) < .
S, (H(t) < A
Proof. We present its proof in Section 5.3. O

4. A TWO-COMPONENT GPL SYSTEM

In this section, we provide a proof of Theorem 3.2. For this, we provide dynamics of
quantities introduced in (3.2).

4.1. Preparatory lemmas. Below, we provide three lemmas to be used in the proof of
Theorem 3.2. First, we set R(t) to be a real part of h(t) := (Y1(t), 2(t)):

R(t) := Reh(t), t>0.

Lemma 4.1. Let (¢1,v2) be a global smooth solution to (3.1). Then, (xc, P.) defined in
(3.2) satisfies the following dynamics:

x’czg(l—R)xc+Pc—gxd, t>0, o
: 41
P =z, + 5(1 — R)P. - gPd.
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Proof. e Derivation of dynamics of z.: We use the identity (2.4) and defining relations (3.2)
to see

d

o oy A (:c]z/;l\Q + x\w2\2)d:1: = Q/Rx[Re(ﬁtwl -1h1) + zRe(Ops - 1/12)}dx

i, - i . .
= 2/ xRe [—2A¢1¢1 + §w2x2‘w1‘2 + 1511|¢1|4 + 1612’w2’2’¢1’2] dzx
R

+ 2/ zRe [—;A@Z_}zlﬂz + %W2$2|¢2|2 +iBa1 |01 1| + iﬁ22|1l)2|4] dx (4.2)
R
+ g </ aRe (P1ehy — k|1 [*) 4+ aRe(Pr¢hy — h|?/)2|2)d$>
R

=:T31 + I32 + I33.

Below, we consider Zsx, k = 1,2, 3, separately.

o (Estimate of Z31): Since w, 811 and (12 are real, we see
I3 = Q/RZBRG [—;ATZM/H + %w2$2\¢1|2 +iBulen |t + iﬁ12¢2\2|¢1|2} dx
— [ Re(-icdvin) do = [ Re@¥(ain) Vi) do = [ Re@nvin)  (43)
= /le(zplvwl)dx = Pl
o (Estimate of Z39): Similarly, since 321 and (29 are also real, we have
I3 = /le(djsz) dz = P?. (4.4)

o (Estimate of Zs3) Recall the identity (2.8) to see

2Re(P11ha) = [1|* + [2]® — [th1 — o>,

Hence, we find
5 ([ e (o = Rin ) + e — hfvaP)ic

= /Q/RxRe(’L/leg) dxr — % </RJ}‘¢1‘2 + $|w2|2 d$>

" (4.5)
K K
= 2/ (wlnf* + wlf® — lipr — o) dw — =2
R
K K KR
= —Ze— =X — T
2 2 2

In (4.2), we combine the estimates (4.3),(4.4) and (4.5) to obtain the desired equation (4.1);:

. K K
Te = 5(1 —R)x.+ P. — 5 %d:
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e Derivation of dynamics of P.: We again use the defining relations (3.2) to get
pl—
¢ dt
U B _ _
= / Im K—Alﬁl + *w2$2¢1 + 1B [¥r [P + 1512!¢2!2¢1> V%] dx
R

Im(wlvwl) dr = /le(&ﬂblVlm + 10, Vpy) dx

+ /le [<1VA¢1 +1iV (fc 1!}1) +iBu V(|1 *e1) + 1512V(W2!21!}1)) 1!_)1]
5 [ (02901 = R Vs + Ve — Ve
R
+ 1 Vhy — hpaVapg + 1o Vihy — h1/32V1/12>de
. . . 2
= /RIm (—;A%V% - ;AV%%) dx + /RIm (;w2$2¢1V¢1 +iV (L;$21/11> ¢1) dx

4 [ (381101 P T+ 1607 (101 Pon)

R
b [ 1 (iBraluaP 1 T+ i619 (2P )

R
+ % /le (1/;2V¢1 — hap1 Vapy + 1 Vipg — h%Vl/Jl) dx

=:Ty1 + Tyo + Tus + Tusg + Lys.

Below, we provide the estimates of Zy., kK =1,--- ,5, respectively.

o (Estimate of Zy1): By direct calculation,

I41 = /le <—;AQL1V’¢1 - ;VATﬁlI;l) dr = /RIHI (—;A'&lvwl + ;A@blVlZl) dx
= O’

where we used the fact that the second term is the complex conjugate of the first term.

o (Estimate of Zy2): Note that one has

: 2
Tao = /le <;w2x2¢1v¢1 +1iV <wx21/)1> ¢1> dx

= / Im (2w 22 VP + iwz | |? + w $2V¢1¢1> dx
R

—w2/ x| |* = —w?axl.
R
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o (Estimate of Zy3 + Z44): From straightforward calculation,
Tz +Tay = / Im<i/311!1/11!21ﬁ1vw1 + iﬂnv(‘%\%ﬁl)@l)
R
4 [ 1 (i8rafua P T + 16129 (o)
R
_ /R (i V(jr4) + 81V (1 2lal?)) = 0.

o (Estimate of Zy5): Note that the following identity holds:
U2 Vih1 + 1 VP = 91V + 92 Viby — Vg

Then, we have
Tis = [ (0290 = hn Vs + 10 — b Vi ) da
= SR+ WP+ /R (G V461 + 1 Veia) di
= —gRPcl + Z(PC —P)).

Hence, we combine all estimates to find

P! = w2l — gRPcl + Z(PC — P). (4.6)
Similarly, we have
P2 =wa? gRPf + Z(Pc — Py). (4.7)

Finally, we add (4.6) and (4.7) to yield the desired equation (4.1),.

B=—ur, — gRPC + g(PC —P)) = —wlr, + 5(1 ~R)P. — gPd.

Remark 4.1. 1. If k =0, (4.1) reduces to the harmonic oscillator case:
i.=P., P.=—-w’z,; or equivalently #. 4+ w?z. = 0. (4.8)

Then, (4.8) can be explicitly solved as

xc(t) = x.(0) cos wt +

sinwt, t>0,

i (0)
w
which is a periodic harmonic motion with a pertod w.

2. Note that system (4.1) does not depend on the choice of B;; and is not closed, as it
contains (xq, Pyg). To close the hierarchy, we consider the identical case:

Bi11 = B2 = P21 = Baa=:f or B=pJy, (4-9)

and derive the dynamics for (xq, Py) in the following lemma.
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Lemma 4.2. Let (11,12) be a global smooth solution to (3.1) with B = Jy. Then, (x4, Py;)
satisfies the following dynamics:

{g‘cd - —g(l 4 R)aq+ Py, t>0,

Pd = *WQSCd — g(l + R)P,.
Proof. First, note that 1y satisfies

. 1 w? 9 9 iK -
1Oipa = =5 Ma + S o + Bl |” + [2]")ba + N ((1 + h)py — (14 h)¢1)- (4.10)

e Derivation of dynamics of x4: We use (2.4) and (4.10) to get

. d )
b= [ lodde =2 [ aRe(@uis - vdo
R R

2
K K
= Py S(1+ R)ze+ 5(1+ R — 24)

=P, + K/Ra:Re( — (L+h) |2 = (L4 R)|gr]* + (1 + h)drgps + (1 + h)zﬁgzbl)da:

=P;— g(l + R)l‘d.

e Derivation of dynamics of Py: Similar to the estimate of x4, we have

By = /]R 10 (050 V b+ DDy V)
= —wlrg + g /le((l + h)hy — (1 + E)&l) (Vip1 — Viba)

Ty — G2) (14 B) Vs — (1+ )V ) do
= —wlyg — 5(1 +R)P. + 2(1 + R)(P, — Py)

— Py — g(1 + R)P,.

0

Next, we provide an explicit solution formula for the following two-dimensional system:

i=f(t)x+py+alt), t>0,
y=—qr+ f{D)y + g2(D), (4.11)
(z, y)(O) = (xO’ yO)_
To rewrite (4.11) in a compact form, we set
z(t) ft)y p 91(t)
Z(t) = , At) = . Gt) =
" y() " —q [f(t) " g2(t)

Then, (4.11) can be rewritten as a matrix form:

{Z(t) = AW Z(t) + G(t), t>0,

2(0) = (a0, "), (4.12)
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Lemma 4.3. Suppose that p and q are positive constants and f : Ry — R4 is a continuous
time-dependent function. Then, the solution (z(t),y(t)) is given by the following explicit
formula:

x(t)| eJo f(s)ds 0 cos(y/pqt) \/gsin(\/pT]t) 20
y(t) - 0 eJo f(s)ds —\/gsin(\/]th) cos(/pqt) y°
1 eli Als)ds /t e~ J5 AT G (5)ds, ¢ > 0.
0
Proof. Since the proof is lengthy, we postpone its proof in Appendix B. O

4.2. Proof of Theorem 3.2. Now, we are ready to provide the proof of Theorem 3.2 in
two steps.

o Step A (Derivation of explicit formula for (z4, Py)): Consider the dynamical system for
(a:d, Pd)i

G = —g(l + R)zg+ Py, >0,
Pd = —wzxd — g(l + R)Pd.

We set
ot

ft)==5(+RW), p=1, q=w’ G{t)=0,

and apply Lemma 4.3 to derive a representation relation:

z4(t) e 5 Jo (1L+R(s))ds 0 cos(wt)  Lsin(wt)\ [ 29
Py(t) 0 e~ 5 Jo A+R(s)ds —wsin(wt) w cos(wt) PY
(4.13)
cos(wt)e™ 2 Jo (L+R(s))ds %sin(wt)e_% Jo A+R(s)ds zY

(14+R(s))ds

—wsin(wt)e™ 2 I w cos(wt)e™ 2 Jo A+R(s)ds Py

e Step B (Derivation of explicit formula for (z., P.)): Together with the representation
formula for (x4, P;), we use Lemma 4.3 to derive representation explicit formula for (4.1).
To do this, we write (4.1) into compact form:

W(t) = E@)W(t) — gm), t>0,
W(0) = (a, PY),
where W, E and Z are defined as follows:

Wi [0 g (S0-EO) N X0

Po(t) —w?  5(1-R()) Py(t)
Since (4.14) has the same form of (4.12), it follows from Lemma 4.3 that

(4.14)

t
W () = W(0)eh s — 2o Ji B / el FOTY (s)ds.
0
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s)ds

Following the argument in Lemma 4.3, we calculate elo E( as follows:

JYE(s)ds e3 JoU=R(s)ds 0 cos(wt) sin(wt)
elo =
0 e3 Jo(1=R()ds —wsin(wt) w cos(wt)

We again apply Lemma 4.3 to obtain

$0 K
:L‘c(t) _ efg E(s)dsWO + efg E(s)ds ?‘Z (1 —e t)
PC(t) i) (1 _ 6—mf)

cos(wt)e Jo A=R(s)ds sin(wt)e? Jo A=R(s))ds z¥ + %‘;(1 —e )

—wsin(wt)e2 Jo (1=R(s))ds w cos(wt)ez Jo A=R(s))ds PY+ %3(1 — et

On the other hand, it follows from the explicit formula (3.5) that 1 — R(t) converges to zero

with exponential rate:

B 21 — h%|2 4 2(1 — |h0)2)ert

o |1 _ h0|2 + 2(1 _ ’h0|2)ent 4 |1 + h0|262nt’
21— A Ly 21— AOP)

STEE T T

1 — R(t) = Re(1 — h(t))

Hence, if we set

J(t) := exp <; /Ot (1- R(s))ds) . t>0.

then the limit of J(t) exists:
Too = lim T ().

Now, we write an explicit formula for z.(t):

xe(t) = (xg + gfl(l — e_”t)> J(t) cos(wt) + (PCO + Isl)(l - e_’“‘t)) J(t)sin(wt). (4.15)

Therefore, we can conclude that there exist positive constants a1 and as depending on
initial data and system parameters such that

tliglo xe(t) — (oq cos(wt) + ag Sin(wt)) ’ =0,

where o1 and ao are defined as
0 0
x P
ap = x2+;djoo, g 1= PCO+?‘1JOO.
This completes the proof of the second assertion in Theorem 3.2.

Remark 4.2. 1. Suppose that h® = (y9,49) € R. Then, the explicit formula (3.5) yields
2(1 — hY)
(1 —=h0) 4 (1 4 h0)ert”

From straightforward calculation, we have

> N 2(1—h°) 2 2
A A e e L e

1-R(t) =
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This yields

. 2 "
Joo = Jim T () = (H—ho> -
In this case, we can find explicit values of (a1, ag):

2

z0 2 B pPY 2 &
al—x2+ﬁd<1+R0> , ag—P£+lj<1+R0> : (4.16)

2. Consider the symmetric initial data such that
¢?:M(x—$0), ¢(2):M($+$0),

where M(z) is defined to be the Gaussian function with mean zero, i.e.,
M(z) = —e*%ZQ, z e R.
Then, we can easily check that
R :=Re(yy,¢9), ) =aj=P)=P}=0.
Hence, it follows from our explicit formula (4.15) and (4.16) that
z(t) =0, t>0.

As a direct application of the previous results, we have the following corollary.

Corollary 4.1. Let (¢1,19) be a global smooth solution of (3.1) with initial data (¢¥9,49)
and condition (4.9). Then, the following assertions hold:

lim z4(t) =0 and lim / x| (z, ) [2dx — / xiho(z,t)2dz| = 0. (4.17)
t—o0 t—oo | Jp R
Proof. (i) For the first assertion, the explicit formula (4.13) gives
. Py .
zq(t) = 29 cos(wt)e™ 2 Jo(+R(s)ds 4 —d sin(wt)e™ 2 Jo (+R(s))ds. (4.18)
w
Our claim is that
lim e~ 5 Jo(1+R(E)ds — (4.19)

t—o00
Since we know that R(t) converges to 1, there exists a finite time Tj such that

1+R(t)>g for t > Tp.

Hence, one has
Kk [t
o3 Jz, (1+R(s))ds < e—%(t—TO)7 t>Tp.

This shows our claim. In (4.18), we use (4.19) to establish the first assertion.

(ii) From the first assertion, we have

2dx =0, (4.20)

t—o00

lim z4(t) =0 or equivalently tle / x|y (x,t) — oz, t)
*©JR
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and (4.20) can be written as

[ee)

lim [ (1) = (e, OF = [r(—a,t) = Yo(—,0)2)de =0,

t—o00 0

where we used ffooo = fooo + ono and the change of variable in the second integral. Then,
it follows from the positivity of integrand in the above relation that we have

| alortent) — vatwPds < wa®), [ alin(—.0) — a0 0Pdo < a0,
0 0
[ 2(loa(e 0 = ata ) ) da (4.21)
R
= [ (10O = sl OF) + 2 (a0 (-2, 0)?) o
0
On the other hand, note that
| w1608 = ot )
0
- /0 V(61 (2, D) — [, D)V (11 (@, 8)] + [, D)) de
< /O " VN 1) — (e DIV 61 (o, 8)] + [, 1) | (4.22)

3 1
< (/Oooxh/}l(x,t) — Tl)z(x,t)|2d:c> ’ (/OOO 2$(|¢1($,t)|2 n |¢2(!E,t)|2)dx) 2
< V2ua(t)ze(D),
where we used the following triangle inequality in the first inequality: for u,v € C,
lul = Jof| < Ju—o].

By the same argument, we also find
| e (a0 ~ s (-, de < 2mafE)e ). (4.23)
0

We collect (4.21), (4.22) and (4.23) to conclude that

[ #(a(w. 0 = ato, 7)o < 29/ ZeaOrnele).
R
Since x4(t) tends to zero and z.(t) is uniformly bounded in time, we obtain the desired

convergence (4.17). O

Remark 4.3. It follows from Theorem 3.2 and Corollary 4.1 that

lim
t—o0

. 1 1
xl(t) — <2a1 cos(wt) + 502 sin(wt)) ‘ =0, j=1,2
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5. THE MULTI-COMPONENT GPL SYSTEM

In this section, we study emergent dynamics to the multi-component GPL system. In
the following three subsections, we will provide proofs for Theorems 3.3, 3.4 and 3.5. For
this, we basically use the two-point correlation approach based on h;; using the explicit
dynamics given in Lemma 2.2. Before we present our estimates, we introduce the following
Grénwall-type lemma.

Lemma 5.1. Lety = y(t) be a nonnegative C*-function satisfying the following Riccati-type
differential inequality:

§<-py+ay’+r, pgr>0, t>0. (5.1)
(1) Suppose that r = 0. Then, y satisfies the following estimate:
1

1 g\ pta
y(0) p>6p+p

t>0.

y(t) <
(

(2) Suppose that
r>0, p?—4qr>0 and y(0)<y,.
Then, there exists a finite entrance time Ty such that
y(t) <y—, t>Ti,
where y+ are two distinct positive roots of the quadratic equation qy®> — py +1r = 0:

_p— VP —Agr " _ptVp*—Agr
, = % :

Y- %

Proof. (i) We set u = 1/y, derive the inequality for v and integrate the resulting relation
to find the desired estimate.

(ii) For the proof of the second assertion, we split the proof into two cases:
Either y(0) <y_- or y_ <y(0) < ys.

o Case A: Suppose that y(0) € (0,y_]. For the time ¢ = T such that y(T') = y_, it follows
from (5.1) that

d

—y(t <0

dty( ) t=T "
This yields that y(t) is non-increasing at time ¢ = T". Hence, y(t) is restricted in the interval
[0,y_] for all time. Hence, one has

y(t) <y, t>0.

o Case B: Suppose that y(0) € (y—,y+). Since the initial datum belong to this region, we
know that y(t) starts to decrease strictly. Then, it follows from Proposition 3.1 in [22] that
there exists a finite entrance time 7T, such that

y(t) <y—, t>T,.

Finally, we combine Cases A and B to complete the proof. O
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5.1. Complete synchronization. First, we recall the setting for the complete synchro-
nization in Theorem 3.3.

k>0, D(V)=0, B=pJy, MA) >0, SH" < ﬁf{f) .
Then, it follows from Lemma 2.2 that
d K av av
(1= hig) = =5 (dF(A) + d5"(A)) (1 = hij)
o
+55 (az‘k(l = hir) (1 = hij) + ajr(l = hi;) (1 = hij) (5.2)
k=1

+ (aik = azi) (1 = hay) = (1= ha)) ).
We multiply (5.2) with 1 — h;; and take real parts of both sides to obtain
1d

K av av
5%\1 — hil* = —§(di (A) + d2V(A)|1 — hy|?

N
K
i Z‘N;Re(‘”‘““ — hag)|1 = higf? + aju(1 = hig)|1 = higl?

+ (aik — age) (1= hig) — (1= hag)) (1= hiy)).
For each time ¢, we choose the indices (i, j;) such that
S(H(t)) := |1 — hij, ()], t>0.
Then, S(H(t)) satisfies the differential inequality:
d

SS(H() < —RAASH(D) + sl AlSHD), t>0.

Finally, we use Lemma 5.1 to derive exponential decay of S(H (t)):
1
S(H(t)) <

<
- 1 MA KA(A)t A —
(8<H°> ||Aoou>e W+ 2T

O(l)e‘“A(A)t.

This shows the desired exponential decay of S(H) and completes the proof of Theorem 3.3.
5.2. Practical synchronization I. Let ¢); = ¢;(z,t) be a global smooth solution to (2.3)
satisfying a priori condition,

sup max [|¢;(t) [+ < M(T) < oo.
0<t<T J

and framework:

KA(A)
16[|Alloo (1 + M(T)?)’
KA(A) + \/(KA(A))Q - 8/-@||A||OOHZ||OO(2M(T)4 + 1)

26| Al oo '

T €(0,00), £>0, AMA) >0, DV)<DE), [E]e<

S(H®) <
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Under the setting above, we again use Lemma 2.2 to get
1d

2l
= S A+ A= P+ Re (10— ) [ (V= Vi)

-~

11— hijl?

=I5
+ Re (i(l — hij) /Rd (g5l — Ei\¢i!2)¢i¢jd$> (5.3)
=ils52
K N
+ ﬁ ZRG(Gik(l — hzk)“ — hij|2 + ajk(l — h/ﬁ)’l — hij|2
k=1

+ (aip = age) (1= hag) = (1= b)) (1 = i) ).

Note that the terms in the R.H.S. of (5.3) other than Z5; and Zsy are already treated in
Section 5.1. Hence, we focus on the terms Zs;, ¢ = 1,2 as follows.

e (Estimate of Zs1): We use ||1;]| = 1 and |1 — hyj| = |1 — hyj] to see

ol = [Re (i1~ ) [ 0= Vit )| < DO = il (5.4
R
o (Estimate of Zs2): Note that

el = i Pysibyde =y [ (W = W Pridde+ (&5 =< [ iPodydo
=: T521 + Ls22-
o (Estimate of Zs91): Recall the simple inequality
Hzl]z — \22|2| < |21 — 22| (|21] + |22]), 21,22 € C. (5.5)

Then, we use (5.5) to obtain an estimate of Zz9; as follows:
2 2\, 7
o [ (7 = o Py

where we used Hélder’s inequality:

[ sPtalinlas| < ([ 1stae)” ([ attas) ' ([ itac)” = usiglanle 6.0

o (Estimate of Zs22): We use (5.7) to find an estimate of Zsgs:
|Ts00| < D(X)M(T)%. (5.8)

Finally, we combine (5.6) and (5.8) to estimate the term Zso:

| Zs01| = < < 2|8l M(T), (5.6)

|Zs2| =

Re (i(l — hij) /Rd(d%P - 5|¢i|2)¢i&jdl‘> ‘ < |1 = hij|(|Zs21| + Zs22])
< 2M(T)Y|Z||oo|1 = hij| + D(Z)M(T)*|1 — hyjl.
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In (5.3), we combine (5.4) and (5.9) to derive a differential inequality of S(H):

D S(H) < ~RASEH) + K] Al SED)? 510
+2M (D)2 ]|oo + D(Z)M(T)* + D(V), t e (0,T).
On the other hand, we note that
D(V) < D(X) < 2[5 (5.11)
Finally, we combine (5.10) and (5.11) to obtain that for ¢ € (0, T,
%S(H) < —RMASH(D) + Kl Al oS (H (D)) + 20/ (22(1)" +1). (5.12)

We now apply Lemma 5.1 for (5.12) with
pi=kMA), q:= k|| A, 7:= 2|]ZHOO(2M(T)4 n 1)

to get that there exists a finite time 77 > 0 such that for ¢ > 77,

AA) = 1 (A = 80 A 5] (201D + 1)
2 Al
4HZHOO<2M(T)4 + 1)

S(H(t)) <

A+ () = 8l Al Sl (23114 1)

=0(1) (EOO(2M(T)4 ’ 1)) .

KA(A)

This completes the proof of Theorem 3.4.

5.3. Practical synchronization II. Let 1; be a global smooth solution to (2.3) satisfying
a priori condition:

sup max ¢ (1)]la < M(T) < oc,
o<t<T J

and recall the framework:

FACA) + 1/ (RAA))? — 98G5
2o

4G o
(A(A)?

A(A) >0, S(H% <
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By the same calculation as in (5.3), we have
Ld
2dt

K av av : 7 s
= B+ AN+ Re (1= ) [ (= V)i

11— hyl®

+Re [i(l — hij) /Rd <(5jz' = Bi)lil” + (Bjs — Big)lbs* + D (Bax — /wwkﬁ)wﬁjdx}

ki,

=:Ts
N

+ N ZRe(aik(l — hi)|1 — hw"z +aji(l — hkj)‘l — hij’2
k=1

+ (aip = a) (1= hgg) = (1= b)) (1 = hiz) ).
(5.13)

Note that the only difference between (5.3) and (5.13) is the term Zg which can be estimated
as follows:

Is = /Rd <(/3ji — Bii)|wil® + (Bjj — Big) i |* + Z (Bir — 5jk)’1/}k|2>¢ﬂ;jdx
k1,7
=i(Bi; — B) /R (il = [P pindda — e /]R li*idyda + ¢ /R il bidyde
. A, 2uhbsd
+1k;j /R (B = BilelPuid o

=:TZg1 + Le2 + Loz + Loa.

Below, we present the estimates of Zgi, k = 1,2, 3,4, respectively.

o (Estimate of Zg;): We use the inequality (5.5) and follow the same argument in (5.6) to
find

Zal = [i(35 - 8) [ (i = ;P osisae] < R [ 16 = P llllvglas
Rd R4 (5.14)
< 2M(T)'R(B).
o (Estimate of Zga + Zg3): We use a priori estimate (5.12) to get
’162 +263| = |—&; /Rd ’¢l|21/}11/;]d$ + €5 /Rd |¢j’21/1ilﬁjdx < 2M(T)4||Z”OO.
o (Estimate of Zg4): Similar to the estimate of Zgo + Zg3, we have
Tl = |i 3 [ (B = Byl Plyde| < 20(B)M (1) (5.15)

k#i,j
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In (5.13), we combine (5.14)—(5.15) to obtain

L S(H) < —rAASH®) + 1| AS(H(D))?

dt
+2M(T) (R(B) + ||| + 8(B)) + D(V), te (0,T],
=G

where we used definition of G in (3.9).

Now we apply Lemma 2.2 with
p:=rMA), ¢:=k||Alle, 7:=G,
to derive that there exists a finite entrance time 75 such that for ¢ > Tb,
2
sty < A=V XA 4Gl 26
- 26/ %l FAA) + 1/ (RACA))? = 45GS|oc

< 2G
— kAA)

Therefore, we can obtain the desired estimate and this completes the proof.

6. NUMERICAL SIMULATIONS

In this section, we propose an efficient and accurate numerical method for discretizing
the GPL system (1.2). Several numerical examples will be carried out and compared with
those analytical results shown in previous sections. Due to the external trapping potential
Vi(z) (j =1,---,N), the wave functions ¢; (j = 1,--- , N) decay exponentially as |z| — oco.
Therefore, it suffices to truncate the problem (1.2) into a sufficiently large bounded domain
D C R? with periodic boundary condition (BC). The bounded domain D is chosen as a box
[a,b] x [¢,d] X [e, f] in 3D, a rectangle [a,b] X [¢,d] in 2D, and an interval [a, b] in 1D.

6.1. A time splitting Crank-Nicolson spectral method. Choose At > 0 as the time
step size and denote time steps t, := nAt for n > 0. From time ¢t = ¢, to t = t,,41, the
GPL will be solved in three splitting steps. One solves first

1
iaﬂ/}j :_iijﬂ reD, j=1,---,N, (61)
with periodic BC on the boundary 0D for the time step of length At, then solves
N
1005 = Vitby + Y Biklwl, G=1,---, N, (6.2)
k=1
for the same time step, and then solves
. N
. ir (5, Yr) ,
16"‘?:7 ak(wk_ ¢ ) ]:177N7 6.3
(] QNI; J <w]’¢]> J ( )

for the same time step. The linear subproblem (6.1) will be discretized in space by the
Fourier pseudospectral method and integrated in time analytically in the phase space [7,
10, 12, 14]. For the nonlinear subproblem (6.2), it conserves |¢;|? point-wisely in time, i.e.
[Yp(x, )2 = |p(z,tn)|? for t, <t <tpi1and k=1,...,N [7, 10, 12, 14]. Thus it collapses
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to a linear subproblem and can be integrated in time analytically [7, 10, 12, 14]. For the
nonlinear subproblem (6.3), due to the presence of the Lohe term, it cannot be integrated
analytically (or explicitly) in the way for the standard GPE [7, 10]. Therefore, we will apply
a Crank-Nicolson scheme to further discretize the temporal derivate of (6.3) [11].

To simplify the presentation, we will only present the scheme for 1D. Generation to d > 1
is straightforward for tensor grids. To this end, we choose the spatial mesh size as Ax = bw
with M a even positive integer, and let the grid points be

xy = a+ (A, £=0,---,M.

For 1 < j < N denote 7, as the approximation of ;(z¢,t,) (0 < € < M) and 47 as
the solution vector with component ¢7,. Combining the time splitting (6.1)—(6.3) via the

Strang splitting and the Crank—Nicolson scheme for (6.3), a second order Time Splitting
Crank-Nicolson Fourier Pseudospectral (TSCN-FP) method to solve GPL on D reads as:

M/2—-1
1/’](-15) _ Z e—iAt#§/4@ eiﬂp(iﬂz—a)’
7 p=—M/2 P
@ _ sVt ki) /2 ) ()
wj}g — ( L k=1Fjk ) wj,ﬂ ,
5 5
W9 = i o 6 <¢-§ ﬂﬂzf )au D),
k=1 <’lp ] ) '(p >
wj(‘lz) _ szt< (o) + 3 1/8Jk"¢}(3) )/ ¢](32)7 0<¢<M, 1<j<N,
M/2-1 .
¢;L2—1 _ Z e—iAtu%/Zl (1/}](4)) eiup(xg—a).
’ p=—DM/2 g
Here, pp = ('(p”) and (¢(4)) (p = -2 ... /2y are the discrete Fourier transform
coefficients of the vectors 97 and ";bj (j=1,---,N), respectively. Moreover,

M-—1
(3 _ 3 2 3 3 (3) 7(3)
Vi (w( ) +1/’a(‘,f))’ (W7 W ) ap = Bz DUy By
=0

Although the Crank-Nicolson step (6.4) is fully implicit, it can be either solved efficiently by
Krylov subspace iteration method with proper preconditioner [4] or the fixed-point iteration
method with a stabilization parameter [13]. In addition, TSCN-FP is of spectral accuracy
in space and second-order accuracy in time. By following the standard procedure, it is
straightforward to show that the TSCN-FP conserve mass of each component in discrete
level, i.e., H¢?Hl22 = <¢?,¢;¢>Aw = Hi/)?HZZQ forn >0and j = 1,2,...,N. We omit the
details here for brevity.

6.2. Numerical Results. In this section, we apply the TSCN-FP schemes proposed in the
previous section to simulate some interesting dynamics. For our simulation, we choose

B=1, At=2x10"% D=[-12,12]%, d=1,2.
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The potentials and initial data are chosen respectively as follows:

Vi) =naf |, o) = \fay/m ekl

Here, a;; and x{) are real constants that will be given later. In fact, complete and practical
synchronization estimates do not depend on the form of the initial data and the relative
L?-distances of the initial data play a crucial role. However, when we deal with the center-
of-mass z., we used the Gaussian initial data so that they have the symmetric form (see
Remark 4.2).

Example 6.1. Here, we consider the two-component system in 1-d, i.e., we take N = 2
and d = 1 in (1.2). To this end, we take (z{,29) = (2.5, —5) and consider the following two
cases: for j =1,2

Case 1. fix aj = Bjy =1 (£ = 1,2) and vary x = 0, 2, 20.
Case 2. fix a; = 7, f12 = B21 = 1, B11 = 422 = 2 and vary x = 0, 2,10, 20.

Figure 6.1 and Figure 6.2 depict the time evolution of the quantity 1 — R(¢) (where R(t)
is the real part of the correlation function hia(t)), the center of mass x(t), the component
mass [|1;]?> and the total energy £(t) for Case 1 and Case 2, respectively. From these
figures and other numerical experiments not shown here for brevity, we can see the following
observations.

(i) For all cases, we observe that the mass is conserved along time.

(ii). If the Lohe coupling is off, i.e., k = 0, both the mass and energy are conserved well,
and the center of mass (z!(t),22(t)) are periodic in time with the same period. In addition,
for the identical case, i.e., B = Jy and Vi (z) = Va(x), R(t) is conserved for identical case.
(iii). If the Lohe coupling is on, i.e., & > 0, the phenomena become complicated. The
energy is no longer conserved, indeed it decays to some value for large x while oscillates for
small k.

(iv). Moreover, for the identical case, R(t) converges exponentially to 1, which coincides
with the theoretical results. Thus, the complete synchronization occurs in this case. After
the complete synchronization, ||y (z,t) —¥a(z, )]s Will converge to zero and the center of
mass z}(t) and z2(¢) will become the same and swing periodically along the line connecting
—7% and 70 (here, 20 := (z1(0) + 22(0))/2).

(v). Furthermore, for the non-identical case, i.e., B # Jy and Vi(x) # Va(z), R(t) does not
converge to 1, i.e., the complete synchronization cannot occur. However, for large x, R(t)
indeed converges to some definite constant R., < 1. The larger k, the smaller value 1 — R.
Meanwhile, |xl(t) — 22(¢)| also converges to zero, which could be also justified in a similar

process as shown in Corollary 4.1.

Example 6.2. Here, we consider the six-component system in 2-d, i.e., we take N = 6
and d = 2 in (1.2). To this end, we here only consider the identical case, i.e., we choose
aj=1=p=1(j£=1,---,6). Let k = 20, we consider four cases of initial setups:
Case 3. 1‘{) = (6 cos((j — 1) /3),6 sin((j — 1)77/3)), j=1,---,6.
Case 4. z}) = (2+4 cos(jn/3 — 7/12),2 + 4 sin(jw /3 — 7/12)), j=1,---,6.
Case 5. zj, = (6 cos((j — 1)7/5),6 sin((j — 1)x/5)), j=1,---,6.
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FIGURE 6.1. Time evolution of the quantity 1 — R(¢) (left), the center of

mass x(t) (middle), and the component mass |1, and the total energy
E(t) (right) for Case 1 in Example 6.1 for k = 0,2,20 (top to bottom).

Case 6. Random location:
zg = (3.4707,2.7526), x2 = (—0.8931,1.9951), =z} = (0.1809, —1.1538),
zg = (0.0937, —5.8995), x§ = (—2.9235, -2.4171), 1z = (—3.6423,4.3714).

For Cases 3-6, Figure 6.3 illustrates the trajectory and time evolution of the center of
mass x4 (t) =: (z,(t), 2)5(t)), Figure 6.4 depicts the time evolution of |R1256(t) — R1256(0)],
|Ra456(t) — Raas6(0)| & |[Raa56(t) — Raas6(0)|, and Figure 6.5 shows the contour plots of
|1 (z,t)|? at different times for. From these figures and other numerical experiments not
shown here for brevity, we can see the following observations.

(i). The complete synchronization occurs for all cases.
(ii). All the center of mass x2(t) (j = 1,---,6) will converge to the same periodic function
T.(t), which swings exactly along the line connecting the points (—z2%, —7%) and (2%, z9%

which are defined as the average of the initial center of mass of the six oscillators:

6 6
1 ; 1 ;
(Zth, Tep) = 6 Z 71(0), 6 Z 75(0)
j=1 j=1
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FIGURE 6.2. Time evolution of the quantity 1 — R(t) (left), the center of
mass z(t) (middle), and the component mass |[1);]|? and the total energy

E(t) (right) for Case 2 in Example 6.1 for x = 0,2, 10,20 (top to bottom).

o
o
~
-
o

Thus, when 2%, = 2%, = 0, the center of mass will stay steady at the origin (cf. Figure 6.3
(a)), which also agrees with the conclusion in Remark 4.2.

(iii) Before synchronization, all density profiles [1;(z,¢)[* (j = 1,- - -, 6) will evolve similarly,
i.e., the same dynamical pattern as those shown in Figure 6.5 for |11|? (only differ from
the ‘color’, i.e., the more blurred humps imply the centers of the other five component,
while the lighter one shows the one of the current component). While after synchronization
(around ¢ = 0.4, which corresponds to the moment the center of mass z2 (j = 1,---,6)
meet together in Figure 6.3), all ¢;(x,t) (hence also for all density profiles) will converge to
the same function, whose density changes periodically in time (as shown in columns 4-6 in
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Figure 6.5, which also indicate the periodic dynamics for the center of mass that illustrated
in Figure 6.3). In addition, before synchronization, although the numerical schemes cannot
conserve the cross-ratio like quantities R (t)(1 < 4,4, k,1 < 6) in discretized level, the
difference of those quantities from their initial ones are still small (cf. Figure 6.4). It would
be interesting problem to derive a numerical schemes which preserve those quantities exactly
in discretized level, and we leave it here as a future work in [38].

3 1.5 : O’f
SE L L ]
=0 >0 4 0 1 t 2 3
5 . . 1
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(C) 6 3 03 6 3 45 0z 15 3 0 1 2 3 t 4 5 6
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o 2r 1
3 1 :/;E 0 >/\/\/\/\
-2 H -
a4 ‘ ‘ ‘ ‘ ‘ ‘ ‘
e 20— 0 1 2 3 4t5 6 7 8
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-1 @N 0 X
. 23 7 |
o -6 . . . . . . . E
(d) 5 25 0z 25 5 1 05 0z 05 1 0 1 2 3 4 t 5 6 7 8

FIGURE 6.3. First two columns: trajectory of center of mass zi(t) in t €
[0,tc] and t € [t.,10] (t. = 1.5 for first row while 0.5 for the others). The

third column: time evolution of x; (t) and 27, (t)) (right). o denotes location
of £2(0), while ¢ denotes the one of x%(t.).



36 WEIZHU BAO, SEUNG-YEAL HA, DOHYUN KIM, AND QINGLIN TANG
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FIGURE 6.4. Time evolution of |Ri256(t) — Ri1256(0)|, |R2456(t) — Ra456(0)]
and |R3456(t) — R3456(0)‘ for Case 3-6 (Left to right).

0.3

4.5

FIGURE 6.5. Contour plots of |1 (z,t)|? at different time ¢ for Cases 3-5 in
Example 6.2 (the top 4 rows) and color bars of the contour plots at ¢t = 0.5
(bottom left) and other time ¢ (bottom right).

7. CONCLUSION

In this paper, we have proposed a coupled nonlinear Schrédinger equations, namely the
Gross-Pitaevskii-Lohe (GPL) system. This model incorporates the nonlinear cubic inter-
actions between quantum particles for BEC and nonlinear Lohe interactions for quantum
synchronization. We provided several sufficient frameworks for complete and practical syn-
chronizations of the GPL system. For the analytical treatment, we considered three types
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of interaction matrices for cubic interactions: fully identical, weakly identical and hetero-
geneous cases. For the fully identical case where interaction rates are the same constant,
we presented a sufficient framework leading to the complete synchronization in terms of the
system parameters and initial data. We here assumed that the network matrix is close to the
identity matrix in L°°-topology. For the weakly and fully nonidentical cases, we have shown
that practical synchronization can emerge in any finite time interval when the perturbation
of the interaction matrix around the common positive constant is sufficiently small or the
coupling strength between oscillators is sufficiently large. Since we do not know whether
L*-norm of a wavefunction is uniformly-in-time bounded or not, we provide the estimate
which is valid on any finite time interval. On the other hand, for the two-oscillator system,
we provided explicit dynamic laws for the governing law of the motion of the center-of-mass.
In this case, we have observed that both periodic behavior and synchronous behavior can
emerge under some well-prepared initial data. On the numerical front, we fully discretize
the GPL system by utilising Fourier pseudo-spectral in space and time-splitting scheme
coupled with Crank-Nicolson scheme in time. Applying these methods, we presented sev-
eral numerical examples supporting our analytic results. There are many interesting issues
which are not addressed in this paper, e.g., existence of stationary states and their stability.
We leave these issues as future works.

APPENDIX A. PROOF OF THEOREM 3.1
In this appendix, we present global well-posedness of system (1.2):

O — A Vo S P+ S (o)
00 = —5 A + Vit + Y Binltoel vy + o D e (Yr — 7 75 )
k=1 k=1

(Vj,¥5) (A1)

Pi(2,0) =¢)(z), (x,t) ERYXR,, j=1,--- N.

A.1. Strichartz estimates. We first recall the classical Strichartz estimates (see for in-

stance Theorem 2.3.3 in [19] ). Let U(t) = 32 be a Schrodinger group generated by the
Laplacian, and we say that a pair (q,r) is admissible if

2<r<oo, d=1,

2 1 1
2<r<oo, d=2, and :d(—>.
9d q 2 r
2<r< 75, d=3,

Proposition A.1 (Strichartz estimates). The following assertions hold:
(i) For every o € L?>(RY), the function t — U(t)e belongs to

LU(R, L (R?)) N C(R, L*(R7))
for every admissible pair (q,r). Furthermore, there exists a constant C' such that
()l Lage,pry < Clloll2gay - for every € LA(RY).

(ii) Let I be an interval of R and ty € I. If (v, p) is an admissible pair and f € LY (I, L" (R%)),
then for every admissible pair (q,r), the function

Fs @p(t) = /tuu —$)f(s)ds, tel

0
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belongs to LI(I, L"(RY))NC(I, L?(RY)). Furthermore, there exists a constant C independent
of I such that

19 llzar,iry < Clfll gy Tor every f € LV (I, L (R).

Below, we introduce the energy space for an external harmonic potential:
Xy = {ue H' R : 2 [efu(x) € L2RY)},
where the norm || - || x,, associated to X is defined as follows:
lullxss += Nl o) + 190l gy + llzull .
We first show the local existence for (A.1).
Lemma A.1 (Local existence). Suppose that the initial data belongs to X :
w? € Xy forallj=1,---,N.
Then, there exists Ty and a unique solution to (A.1) such that
b5, Vb, ey € C((0, T): L (RY) 0 L3 (0, T ' (R)).
Proof. We use Duhamel’s formula for (A.1) to find

t

t N
i(t) = UE) + /0 Ut — 5)(Vipy(s)) ds + /0 Ut — s) (Z ﬁjkwu?wj) ds
k=1

i - ' <¢7¢k>
+2Nkzlajk/0 Ut —s) <T/Jk_ <w;7wj>¢j> ds, te[0,T)].

=77

(A.2)

The first three terms in the right-hand side of (A.2) can be estimated using standard
Strichartz theory. For the term Z7, it follows from Proposition A.1(i) that for admissible

pair (g,7),

(¥, ¥) > H
Ut - — ; <C — ; <20,
H (6=2) <wk <¢j7¢j>w] LiRLT) v <¢jv¢j>% L2(RY)
where we used [(¢j,¢)| < 1. Hence,
T, < 2CT.

We denote the right-hand side of (A.2) as S[¢);](t). Then, we choose T sufficiently small so
that the map S becomes a strict contraction and finally use the standard fixed point theory
to show the local existence for (A.1). O

We are now ready to present a proof of Theorem 3.1

(Proof of Theorem 3.1) To extend the local solution to the global solution, we refine the
energy estimate in Lemma 2.1. For the energy estimate, we assume that the solution
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{1; }évzl are sufficiently regular so that the following estimates can be performed. We recall
the simplified notation in (2.6):

|
= §ZBje\Wl2~
=1
We observe
N 2) N N
Zs =3+ Gl = T | S0+ ClEDlsl® + (Vi + Cel@Dlwnl |
j=1 j=1 k=1

(Vi + Vi + C5[9] + Cr[9]) (|51 + |ow ).
1

252

H
?TMZ

(A.3)
Then, (A.3), — (A.3), yields
N N 1 N
DG =Y & =1 > (Vi = Vi + G = GO (1] — [uxf?)
j=1 j=1 k=1
| o (A4)
<7 Z(VJ‘FCJ[‘I’])WJPJFZ > (Vi + Crl W) [ohi)* = 25
k=1 k=1

We substitute the estimate (A.4) into (2.13) in Lemma 2.1 to obtain

N N
75 = “252 - ﬁ;rjgjl[\y] — kE[P] < K <1 + ];r) ;5;[\1;] =K (1 + ]2V> ENV].

(A.5)
By integrting (A.5), we find

E[W](t) < E[W)(0)e~(H2) ¢ e [0, T]. (A.6)
Hence, the energy does not blow up in any finite time interval. This completes the proof.

Remark A.1. In Sections 5.2 and 5.3, we impose a priori condition:

sup max [[¢;(t)[ls < M(T) < oo.
0<t<T J

From the refined energy estimate (A.6), one has

/ W}j z, t | dr < 75[ ] g[ql](o)en(lJr%)t’
Ji Bii

j=1,---,N, te[0,T].

APPENDIX B. PROOF OF LEMMA 4.3
Consider the first-order system with variable coefficients:

Z(t) =A@ Z(t) + G(t), t>0,
Z(0) = (2°,4°).
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2(t) = (1) Al = f@) »p G = 91(t) _
y(t) -q f(t) 92(t)

Then, our purpose is to derive a representation formula for the solution Z(t) = (x(t), y(t)):

z(t)) oJo f(s)ds 0 cos(,/pqt) \/%sin(\/qut) 20
y(t) 0 elo f(s)ds —\/gsin(\/]th) cos(/pqt) y° (B.1)

_|_efotA(5)d5/ e JoA dTG( )ds, t>0.
0

where

The derivation of (B.1) will be performed in two steps.

e Step A (Derivation of integral representation of Z): We set

= /Utf(s)ds, t>0.
A(t) </OtA(s)d5> = </0tA(s)ds> A(t), t>0. (B.2)

For the proof of claim (B.2), note that

A t)/o A(s)ds
_ (& p F@) pt\ [ FOFE) —pgt ptf(t) +pF(t)
—-q f@t)) \—at F() —qF(t) — qtf(t) —pqt+ f(t)F(t)
F(t)  pt f(
= A(s)ds
(qt F(ﬂ) (q f(t) ) </ d>

This verifies our claim (B.2). Hence, we can use a variation of parameters to get

and claim:

Z(t) = Z(0)e Jo A | o= Jo AG) S/O o AT G (5)ds, ¢ > 0.

e Step B (Explicit calculation of elo AGs) ds): First note that

/tA(s)ds— (F(t) P ) - (F(t) ! ) + ( ! pt) —: By(t) + Ba(t).
0 —qt F(t) 0 F(t) gt 0
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By straightforward calculation, it is easy to see the commutativity of B; and Bo:

By () Ba(t) = Fit) 0 0 pt) 0 F(t)pt
’ o FO)) \—q¢t o) \—F@)g¢ o |’
B 0 F(t)pt
BB ) \—Fgt 0

Thus, we can see that B;(t) and By(t) commute:
Bi(t)Ba(t) = Ba(t)Bi(t), t>0.

Hence, we can write

oo Als)ds _ Bi(t) ,Ba(t) (B.3)

A(s)ds

To calculate efo , we present the estimate of eP1(®) and eB2(t), respectively.

o (Estimate of eB1®): Since Bj(t) is a diagonal matrix, its matrix exponential is given by

eBLlt) — . t>0. (B.4)

o (Estimate of eP2()): Tt follows from definition of matrix exponential and the identity
2
(B#)" = (—pat*)la, t=0
that one has

1
eBQ(t)212+Bz(t)+*B2() +3|BQ() +4IB() T

_Q—mﬂ+@W)+M>I+@—m#+@W)+m>&®

2! 4! 3! 5!
= cos(y/pqt) 12 + WBQG)
(B.5)
cos(/pat) 0 0 \/g sin(,/pqt)

= +

0 cos(/pqt) - \/%sin(\/qut) 0
cos(/pqt) \/gsin(\/]th)
_\/g sin(\/pat)  cos(\/pat)
In (B.3), we combine (B.4) and (B.5) to find
efot A)ds _ eF(®) 0 cos(/pqt) \/gsin(\/]th)
0 ef® —\/gsin(\/]th) cos(y/pqt)

This completes the proof.
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