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ground states, we integrate the preconditioned Krylov subspace pseudo-spectral method
[4] and the GauSum solver. For the dynamics simulation, using the rotating Lagrangian

{:(rei/cwtii,fji Schrédinger equation coordinates transform [14], we first reformulate the FSE into a new equation without
Rotation rotation. Then, a time-splitting pseudo-spectral scheme incorporated with the GauSum
Nonlocal nonlinear interaction solver is proposed to simulate the new FSE. In parallel to the numerical schemes, we also
Rotating Lagrangian coordinates prove some existence and nonexistence results for the ground states. Dynamical laws of
Gaussian-sum solver some standard quantities, including the mass, energy, angular momentum and the center

Ground state

Dvnamics of mass, are stated. The ground states properties with respect to the fractional order and/or
ynamic:

rotating frequencies, dynamics involving decoherence and turbulence together with some
interesting phenomena are reported.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Recently, a great deal of attention has been directed towards the derivation of a powerful generalization of PDEs through
the inclusion of fractional order operators [26,35,42,51]. The aim of this paper is to contribute to this new hot area for frac-
tional quantum physics, with possible applications, e.g. in Bose-Einstein condensation (BEC). During the last decades, the
classical Schrédinger Equation (SE) has been widely investigated and applied to many areas in physics (optics, electromag-
netic, superfluidity, etc.). It is known as the fundamental equation of classical quantum mechanics which can be interpreted
by the Feynman path integral approach over Brownian-like quantum paths [32]. Lately, Laskin extended the Feynman path
integral approach over the more general Lévy-like quantum paths and derived a Fractional Schrédinger Equation (FSE),
which modifies the SE by involving the fractional Laplacian (—A)’ [46-48]. The FSE was then applied to represent the Bohr
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atom, fractional oscillator [48], and it is a new fractional approach to study the quantum chromodynamics (QCD) problem of
quarkonium [46]. The FSE also arises in the continuum limit of the discrete SE with long-range dispersive interaction [43],
in the mathematical description of boson stars [28] and in some models of water wave dynamics [39]. It has also been
proposed to study BEC of which the particles obey a non-Gaussian distribution law [30,56,57|, where FSE was named as
Fractional Gross-Pitaevskii Equation (FGPE) and BEC as Fractional BEC (FBEC). Compared with the SE, the literature on FSE
is quite limited but growing quickly to understand its mathematical and physical properties.

More precisely, we consider here the following generalized dimensionless (space-) Fractional NonLinear Schrédinger
equation (FNLSE) with a rotation term and a nonlocal nonlinear interaction

1 s
0 (X, t) = [5 (—Vz + mz) +VEX + Bl X O+ 20X, ) — QLZ] VX, b), (1.1)

P O=Uxyx D? xeRY t>0, d>2. (1.2)

In the context of BEC, this equation is also called as FGPE. Here, v (X,t) is the complex-valued wave-function, t > 0 is
the time variable and x € RY is the spatial coordinate. The constant m > 0 denotes the scaled particle mass, with m =0
representing the massless particle. The parameter s > 0 is the space fractional order characterizing the nonlocal dispersive
interaction. Hereafter, we call the fractional dispersion as superdispersion (subdispersion) for s > 1 (s < 1). In addition, the
fractional kinetic operator is defined via a Fourier integral operator

1
(27m)d

(—v2 + mz)s V= f ¥ (K) ([k|? +m?)*e®*dk, (13)
]Rd

where the Fourier transform is given by f[ ) = fpa ¥ (x)e~*Xgx. The potential V (x) is supposed to be trapping, a standard
example being the harmonic potential given by

KX+ y?

2 ’
Vx) =
WAV Y +yi 2
2

d=2,
(1.4)

; d=3,

where y, (v =x, Y, z) is the trapping frequency in the v-direction. The real-valued constants 8 and A characterize the local
and nonlocal interaction strengths (positive/negative for repulsive/attractive interaction), respectively. The local interaction is
supposed to be cubic, but other choices may also be considered. Concerning the nonlocal interaction (1.2), the convolution
kernel U/ (x) can be chosen as either the kernel of a Coulomb-type interaction or a Dipole-Dipole Interaction (DDI) [13,16,21]

s 0<m=d—1, i 0<p=d-1, Coulomb,
o~ k)2
UX) = —5(x)—3a,m(#,x‘), — UKk = —1+3<|‘|‘(|'§), 3D DDI, (15)
3 292 1 3[(nL -k)>—n3|k[?]
—5 (n,n, —n3V1Y) <2n|x|) ) % 2D DDI,

where C = nd/2*121*“r‘(d_7")/r‘(%) (T (@) := [y~ x"~le~™dx is the Gamma function), n= (n1,nz,n3)" € R? is a unit vector
representing the dipole orientation and n; = (n1,n3)”. In addition, L, = —i(xdy — ydx) = —idyp is the z-component of the
angular momentum, 2 represents the rotating frequency.

The FNLSE conserves two important physical quantities (see Section 4.1): the mass

NW . 0)=N(b):= f ¥ (x.0)*dx = N (0). (16)
Rd
and the energy
1- s A -
EW(,0)=£0) =f (3792 +m) y +veoly? + §|x/f|4 + 50l - QLY |=£0. (17)

Rd
Here, ¥ is the complex conjugate of . The ground states ¢g(x) of the FNLSE (1.1) are defined by
¢g(x)=argglei§15(¢), S={peClloll2=1,E) < oo}, (1.8)

where |¢|l2 is the L2(R%)-norm of ¢.

The FNLSE (1.1) brings together a wide range of Schrodinger-type PDEs. When s =1 and m = 0, FNLSE reduces to the
standard nonlinear Schrodinger equation (NLSE), which has been extensively studied both theoretically and numerically |2,
3,5-7,9,12-16,20,25]. For s € (0, 1) and & taken as the Coulomb potential, (1.1) reduces to the generalized semi-relativistic
Hartree equation. The corresponding Cauchy problem (for s e [%, 1]) as well as its ground state properties (for s = %)
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have been partially investigated [1,21,23,24,28,34]. Nevertheless, to the best of our knowledge, there are neither theoretical
nor numerical studies on the ground state properties for s > 0 other than the cases s =1/2 and 1. When s € (0, 1) and
m=Xx=Q =0, it reduces to the FNLSE that is originally derived by Laskin [46]. Since then, the FNLSE has attracted
an increasing attention. Stationary states and dynamics properties have been partially considered in some special cases.
We refer to [22,38,52-54] and references therein for more details. For the superdispersion case, i.e. s > 1, there are few
Schrodinger-type equations, while it is quite common for the superdiffusion equations [37]. We consider here this case for
some possible eventual physical applications.

In general, it is difficult to obtain analytical solutions for the FNLSE. Even for the simplest case with a box potential,
there is still a controversy over the eigenpair solutions [17,18,36,40]. Therefore, to develop accurate numerical methods
is quite crucial. So far there are very limited numerical studies. When Q2 = A = 0, finite difference (FD) scheme [58] and
Fourier pseudo-spectral method [27,44,45] were proposed to study the dynamics. When the nonlocal interaction is present
(i.e. A #0), for the 3D semi-relativistic Hartree equation, Bao and Dong [11] proposed a sine pseudo-spectral method to
compute its ground states and dynamics, where the nonlocal Coulomb potential & (1.2) satisfies the following Poisson
equation

—A®=|y%, xeR?® with lim ®x) =0. (1.9)
|X|— 00
Similar ideas were applied to nonlocal DDI in NLSE [9,10]. However, due to the slow polynomial decay of ® at the far-field,
a quite large computational domain is necessary to guarantee a satisfactory accuracy. Up to now, most existing numerical
methods are proposed for non-rotating FNLSE with s < 1. As far as we know, there were neither theoretical nor numerical
methods for the generalized FNLSE (1.1) for s £ 1 and AQ2 # 0. The difficulties to develop an accurate and efficient scheme
lie in the evaluation of the nonlocal interaction @ (1.2) and proper treatment of the rotation term L,.

To compute the nonlocal interaction, Jiang et al. [41] proposed an accurate NonUniform Fast Fourier Transform
(NUFFT)-based algorithm which is within O(NlogN) arithmetic operations (N is the total number of grid points). This
solver is more accurate than the PDE approach (1.9) and has been recently applied in the study of the ground state and
dynamics of NLSE [13,16]. Recently, by approximating the kernel I/(x) with the summation of a finite number of Gaus-
sians, Zhang et al. [31] proposed a Gaussian-sum (GauSum)-based method, which improves the efficiency compared with
NUFFT-based algorithm meanwhile maintains the spectral accuracy. Concerning the rotation term, Antoine and Duboscq
[4,7] proposed a robust preconditioned Krylov subspace spectral solver for ground states computation of the NLSE with
large @2 and B. For the dynamics, Bao et al. [14] developed a rotating Lagrangian coordinates transformation method to
reformulate the rotating term into a time-dependent trapping potential, which allows for the implementation of high-order
time-splitting schemes [19].

The main objectives of this paper are threefold.

1. Investigate theoretically the existence of the ground states of the general FNLSE (1.1) with respect to the fractional order
s and the rotation speed 2. Develop the dynamical laws for the center of mass as well as other standard dynamical
quantities for general s and €2, and compare them with those derived in [44].

2. Develop some efficient and accurate numerical methods for computing the ground states and dynamics of the general
FNLSE (1.1) by incorporating the GauSum solver into the adapted version of the gradient flow and time-splitting Fourier
pseudo-spectral method. The preconditioned Krylov subspace iteration [4] and the rotating Lagrangian transformation
technique [14] will be also integrated into the numerical methods for the ground state computation and dynamics
simulation, respectively.

3. Apply our numerical methods to study some interesting problems, e.g., the influence of the nonlocal dispersion on the
ground states and on the dynamics such as chaos and decoherence.

The rest of the paper is organized as follows. In Section 2, we briefly review the Gaussian Sum method. The ground state
computation, including the ground states properties and numerical methods as well as numerical results, are presented in
Section 3. In Section 4, we derive some dynamical laws for some global physical quantities that are usually considered for
the standard NLSE. We then propose an efficient and robust numerical method for the dynamics simulation. Some numerical
results are also reported. Finally, a conclusion and some discussions are developed in Section 5.

2. Brief review of the Gaussian-Sum (GauSum) method

With the strong confining potential, the density o := || is smooth and decays exponentially fast. Therefore, we can
reasonably truncate the whole space to a bounded domain, e.g., a square box B :=[—L, L]%. The density is then rescaled to
be compactly supported in a unit box By, which is now the computational domain. One of the key ideas is to use a GauSum
approximation of the kernel I/ (see Ugs in (2.5)) to reformulate the potential into two integrals, namely, the long-range
regular integral and the short-range singular integral. To be precise, we can reformulate the potential (1.2) as follows

d(x) ~ /u(x—y)p(y)dy=/u(y)p(X—y)dy (2.1)

B, B>
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= /ch(y)p(x—y)dy+/(u(y)—ch(y)) pxX—y)dy+Is (2.2)
B; Bs
=1 + LX) +Is, xeBy, (2.3)
where
Iy = / (UW) — Ucs(y)) p(x —y)dy, (2.4)
B\ Bs

with Bs := {x||x| <8} being a small neighborhood of the origin with radius § ~10~* —10~3 and Ugs is given explicitly as
follows

Q
_+21yl2
Ucs(y) = Ucs(lyD) := Y _wge %M q eNT, (2.5)
q=0

with weights and nodes {(wq, ‘L’q)}qQ:O. Here, Ugs designates an accurate approximation of I/, up to &g ~ 10714 — 10716,
within the interval [§, 2], i.e.

lLA(r) — Ugs(r)llLeogs,21) < €o- (2.6)

For (2.4), we have |Is5| < Cgo8?||p|lr. Thus the remainder integral I5 is negligible and is omitted here. Note that the
GauSum approximation can be numerically computed with sinc quadrature and we refer to [31] for more details.
To compute the regular integral 17, plugging the explicit GauSum approximation (2.5) into I1(x) yields

Q
=Y w [ pox-yay,  xeBy 27)
q=0 B,

For x € By and y € B, we have x —y € B3. We then can approximate p(x —y) on B3 by finite Fourier series. More precisely,
p can be well approximated by Fourier series after zero-padding to B3 as follows

p() ~ Z,ok He”’“! 0 z2=(21,...,24) €B3, (2.8)

where aj=-3,b;=3,j=1,...,dand ke 74, After some careful calculations, we have
Znikj

Q d
ho =3 | 2 miGh [Ter ™™, 29)
q= j=1

where
d 2 —2mik; —2mikjy; d 2 , , \
:n/e—f Vil e By :H/ze—fq'yf" cos(%)dyj, (2.10)
j=1"5 j=1p

can be pre-computed once for all if the potential is computed on the same grid.
For the near-field correction integral I, within the small ball Bs, the density function px(y) := p(X —y) is approximated
by a low-order Taylor expansion as follows

d 2 d 3
0,0x(0 1 3“px(0 1 9° px(0
Px(y) ~ Px(y) = px(0)+Z p()yj+—2 Oy 3 TO®

= 0y 2 42, Yoy 6 ket 0YidYidye
d 1 d 1 d

=P+ Y By MYj+5 D By RV Vet 5 D Oy IRV, Vi Ye. (211)
j=1 Jj.k=1 jk,e=1

The derivatives involved are computed by differentiating the density’s Fourier series approximation. Next, we replace px(y)
by its Taylor approximation Px(y) and integrate in spherical/polar coordinates. The computation boils down to a multiplica-
tion of the Laplacian Ap since the contributions of the odd-order derivatives in (2.11) and off-diagonal components of the
Hessian vanish. To be precise, we first present for the 2D Coulomb potential case. Starting from the density’s Fourier series
approximation
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~ i2mkq (x+3)  i2mky (y+3) ~
pR)=) pre & e 5 =) P, w(y). XeBs, (212)
k k

by differentiating (2.12), we obtain the derivatives in (2.11). For example, we get dy, 0 as follows
Oxy () =D Pic My [hky Ohy () @iy (), With g, = i27k;/6, j=1,2. (213)
k

All the other coefficients are computed likewise. Replace px in (2.3) by its Taylor approximation Px(y) and integrate with
respect to y, we have

I (x) ~ / (U() — Ucs(y)) Px(y)dy := [ Dgs(y) Px(y)dy
Bs B;s

2
=pX) f Des()dy + Y _(dy;0)(X) / Des(y) yjdy
Bs J=1 Bs

2 d
1 1
+5 2 Gy f Des) Yiyidy + 5 D ByyyeP)®) / Des(y) ¥j Yk yedy,
Jik=1 Bs Jok.£=1 Bs
where Dgs(y) :=U(y) — Ugs(y) is radial symmetric. All the odd-order derivative terms vanish because the corresponding

integrands are all anti-symmetric, and I, evaluation comes down to a summation of the even-order derivative terms. For
the second-order derivatives, the integral corresponding to dxy o vanishes for the same reason. Finally, we have

1
I(X) ~ p(x) / Dgs(y)dy + 5(3)0(,0(7() / Dcs(y) X2dy + dyy p (%) / Dgs(y) yzdy) (2.14)
Bs Bs Bs
1
= p) / Das)dy + 5 (A / Des)Pdy,  xe R (2.15)
Bs Bs

The last identity holds because fBa Dcs(y)x2dy = fBa Dcs(y)y2dy. The two integrals in (2.15) are precomputed analytically
once for all in polar coordinates. The I, evaluation comes down to a summation of the density and its Laplacian. As for
the 3D Coulomb potential case, I, can be computed in a similar way as the 2D case. After plugging Taylor expansion
approximation Px(y) and integrating over Bs ¢ R3, we have

1
L) ~ p(x) / Des)dy + 5 (AP / Des)dy, xR, (216)
Bs Bs

The GauSum method achieves a spectral accuracy and is essentially as efficient as FFT algorithms within O (N log N)
arithmetic operations. The algorithm was implemented for the Coulomb-type kernels in [31]. The evaluations of 2D and 3D
DDIs boil down to the Coulomb potential evaluation with modified densities. More explicitly, the DDIs can be reformulated
as follows

3 1 1 3
00 =—3 (a,,l,lL —ngvi) <2ﬂ|x|) «p= (ijlxl) % (—i(anmlp - ngvip)), x e R, (217)
1
d(x) =—(n-n)p(X) + dnn (4—7r|x|) *p=—(Mm-n)p(Xx)+ prm * (0pnp), XE€ R3. (2.18)

To compute the DDIs, we just need to substitute the modified densities, i.e. —%(BMM,O - n% Vip) and (dppp) for p in (2.1)
for the 2D and 3D cases, respectively. The modified densities are also computed via a similar Fourier series approximation
procedure as shown in (2.13).

3. Ground state computation: properties, numerical scheme and simulations

In this section, we first prove some results related to the existence/non-existence of the ground states (subsection 3.1).
We next propose in subsection 3.2 an efficient and accurate numerical method for computing the ground states by combin-
ing the normalized gradient flow which is discretized by the semi-implicit backward Euler Fourier pseudo-spectral method
and the Gaussian-Sum nonlocal interaction solver. We shall refer to this new method as GF-GauSum hereafter. Finally, sub-
section 3.3 reports some results on the ground states to show some special features related to FNLSEs.
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3.1. Existence and nonexistence of the ground states

To simplify the presentation, we divide the energy functional £(¢) (1.7) into five parts, i.e. the kinetic, potential, rotating,
local and nonlocal interactions energy parts

5(¢ (X)) = 5kin(¢) + gpot(¢) + 5r0t(¢) + gint(¢’) + 5n0r1 (¢), (3-1)

where

1 S
Ekin(®) = 5((—v2 +m?) ¢, ¢),  Epor(@) = (V). ¢),

Erot(P) = —Q(Lzp, #),  Eine(@) :Zg(l¢|2,|¢|2), Enon (@) := (43 161%),

with (f, g) = f]Rd f gdx. We first prove some properties of the energy functional £(¢(x)) for any ¢ € S.

Lemma 3.1. If the convolution kernel U (X) in (1.5) is chosen as the Coulomb-type interaction and V is the harmonic potential defined
by (1.4), we have the following properties

(i) For any positive ¢ > 0, we have for ¢ € S

(@, p)| = |0 p. p)| = €1 VoI5 + Cc. (32)

where C, is a real-valued constant that depends only on d, u and ¢.
(ii) When's > 1, forany m > 0 and ¢ € S, we have

1. s 2
[ 159> +myo+ (voo - X 1) + Ligi)ax+cr <@
Rd

||2

< [ (33072 +m20 + (voo + TR YioP + Dot ax-+ ca 33)

Rd

where yr = min{yx, yy}, C1 and C, are two constants that only depend on S, s, y, d and .

Proof. (i) Using the Hardy-Littlewood-Sobolev (HLS) inequality, we have for the Coulomb-type interaction

(. 0)] = |ltex) « p. p) = 5= 1,,/ff,ﬁx_)p(”dxdy<cdu||p||p—cduncbnzp, (3.4)

R4 R4

where 1 < p = ZdZdﬂ < m < 2 and the constant cq4 ;, depends only on d and u. For the 3D case, i.e d =3, let us introduce

o= 32;pp. By the Hdlder's inequality [49], we have

o Lo\4 5\ 2(1-0)
(@, 0)| = can (1815 10157) =carn(1012) . (3:5)
Now that u <d—1, we have 0 <2(1 —0) = % < 1. Thus, by Young’s inequality [49], for VZ > 0, we obtain
2 2(1-0) - 5 20-2
(1812)" " =20 - F gl + @0 — DE=. (36)
Thus, together with the Sobolev inequality ([49], Chapter 8 Eq. (1)), i.e., there exists a constant C such that
11z < CIVaIP, (3.7)
we obtain
~ ~20-2
(. 0)| =201 = 0) ca W ECIVHIP + 20 — Veq T T =6 VI +C. (38)
Similarly, for the 2D case, let = 5— >2p>2and 0 = pq(ﬁg). Then, one gets
o pal—o)? 2\217 _ o = 2
(@, p)| = can (1015 161 ) =can(I912)  =EISI2+C =e V013 +Ce. (3.9)

(ii) Let y = min{yy, yy}. By Young’s inequality and Plancherel’s formula, we have
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[ dLpax| < / [107x8) @0y0/70) | + |v8) Qg1 |ix]
Rd

Rd
s”z /|x| 1]

r2 2412 Q? 2,72
X dx-l——f k dk
/I |“I¢@] 2722y |K|“[¢]
Rd

Rd ]Rd Rd
2 2 TRy 2\s 2 L 2.2
v 2 2 Q / Vr (|k| +m ) Yr = 1,22 Q°m
< d dk —
=7 /'xl i X S Ean)y [ 202 +<2522> ]'¢' DY
Rd Rd
v 2) 412 1 [ 2 2\$
sT/IXI [ dX+Zf¢(—V +m?*) ¢ dx+C. (3.10)
d d

Similarly, for the Coulomb-type nonlocal interaction, together with (3.2), we have

A - ~ 1 ~
|5(@. )| <EIVIZ +C. = /|k| PR dk+ Co < —— /[§<|k|2+m2>5+6] 161 dk

Rd

@n)d @m)d

_ %/&(—v2+m2)5¢dx+c. (311)

Therefore, the inequality (3.3) follows from (3.10) and (3.11). O

Theorem 3.1. If V (X) is a trapping harmonic potential defined in (1.4), then the following properties hold.

(i) Ifs > 1 and B > 0, then there exists a ground state of the FNLSE for all Q2 > 0 if one of the following conditions holds:
(A) U(x) reads as Coulomb-type. (B) For 3D DDI: —B/2 < A < B.
(C) For2DDDI: (c1)A=0.(c2) A >0andn3 =0. (c3) A <0 and n% > %

(ii) If 2 =0, B = 0, then the ground state exists for all s > 0 if one of the following conditions holds:
(1) U(x) reads as Coulomb-type and A > 0.(2) (B) or (C) in (i) holds.

(iii) If0 < s < 1, there exists no ground state if one of the following conditions holds:
(A) V2>0,1=0.(B)VQ>0,U(x) is a Coulomb-type interaction ora3D DDI.

. . 2. @r2+D)%y5\5
(C) U(x) is the 2D DDL VY Q > Qg =c|A|5 withc = (W) (= 0.54 for y = 1). Here, y = max{yx, yy}-

Proof. (i) For the Coulomb-type interaction, it is clear by Lemma 3.1 that the energy functional £ is bounded below, coercive
and weakly lower semi-continuous on S. Hence, (A) follows. For the DDI, the proof is similar as those for the non-fractional
case [9,10] by noticing (3.10). Similar arguments lead to (ii).

(iii) Denote y = max{yx, yy}. In 2D, we choose the function
—~ ~ 1/2
0 = F @00, with 000 = Fn o = (ame™ ") ()~ 2exp(—e /2 e (312)

By Plancherel’s formula, it is easy to check that ||¢y |2 = 271 ||¢n||2 =1, and thus ¢, € S. Let p,; = |¢,|>. By Young’s inequality
and Cauchy-Schwarz inequality, we obtain

E1(¢n) =: Ekin(¢n) + 5pot(¢n) + Erot (¢n)

1 s~ o~ y2 ~ o~ LA~
< m[§<(|k|2 + 1) fn, ) — - (Adn, ) — zsz<12k¢n,¢n>]

eme T(n+14+5) gy? ey?
=2 Tat1) +(T‘Q> T (313)
: _ @ 18] 18]
(@)l = 5 Inl3 = 5005 160+ G113 < 2(271)4<(27T)2||<z>n||2)||¢>n||1
2"(D(n/2 + 1
- gl = s M (3.14)

2Q2m)4 2me rn+1)
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Furthermore, we compute the nonlocal interaction energy Enon(¢n). For the Coulomb-type interaction, by using the HLS
inequality (3.4) and the Hoélder’s inequality, we obtain

Al 1 (w2
M —H
|Enon ()| < Ilpnllp Cu”pn”l lonlly <Tw [ s W} ; (3.15)
where p = 4/ 0 <p <1, and<, depends only on y and A. Together with the Stirling’s formula
X\ X

(x4 1) ~ /27X (E) . when x— oo, (3.16)
one gets

|Eint(dn)| ~ V/n, |Enon(@n)| ~ /N, n— oo. (3.17)
Let € < i_szz VQ >0 and s <1, we then prove that

limsup £(¢n) < limsup [€1(¢n) + [Einc(bn)| + Enon(¢n) ]

n—-oo n—oo
con’ £
< limsup i L—Q n+civ/n+co|=—-o0, (3.18)
n— o0 28 2

which implies the nonexistence of the ground states. Thus (B) follows. (A) also results by simply setting c; =0 in (3.18). For
the 2D DDI, we have

3(k-ni|? +n3kj?) _ A>< 32|

[Al [A]
|5non(¢n)|=8n—2|<upn, >|_—< 2K Pns Pn) = 1o ALIZNZ) (319)

By the generalized Minkowski inequality, we obtain

1

2

[ [aw-sieasac| < [ | [ igoc—sa e ac]

R2 R2 R? |R?

Nl—
N=

7 ((IKI 7. 7n)

1
2 2

/|k—s||¢n(k>| dk ds</¢n<s)| /(|k|+|s|>|¢n(k)| dk | d
RZ

I

—
D
“3

< 1ol | Vigi+ ([ mildaoan)” s = 1V, + 6], 1Vl
R2

w225t T3+ 3) . 73233 T+ 3T G +1) 520
T2 JTmrD ol F(n+1) ' '
Again, by the Stirling’s formula (3.16), we show that
c3lA|
[Enon ()| 3 32 n, n— oo, (3.21)
2 1
where c3 = % Let us set & = <3C3|)\|/)/2>5 and Q > Qp = (%)3 |A|§. It follows that
con’ £
llmsup5(¢n)<llmsup 2 + L—i———Q n+civ/n+co|=—o0,
— 00 2¢es 2 a3

leading to the nonexistence of the ground states. Hence (C) follows.

In 3D, we choose the sequence
$n°(X) = dn(X, ) (2), (3.22)

where ¢(z) = (%)1/4 exp{—yZTﬂ} and ¢n(x, ¥) = F~1(¢n(K)), with ¢n(K) reading as (3.12). Then, the argument proceeds
similarly as those in 2D for the 3D Coulomb potential. As for the 3D DDI, noticing that
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3IAMVYz 3IAMVYz )
Enon 3D l | p n nll5s 3.23
|Enon(@2D)] < = lla" 113 = BV lpnlls = W Il onll3 (3.23)

the left argument proceeds similarly as those in 2D from (3.14). O

Remark 3.1. For the 2D DDI, one open question concerns the plausible fact that (iii)(C) in Theorem 3.1 maybe hold for
V Qo > 0. The proof presented here does not seem to be directly applicable for this conjecture.

Remark 3.2. It might be interesting to understand the existence/non-existence and the uniqueness of the ground states for
the more general FNLSE

1 1
gy = [5(—v2 +m?* + Eyr2|x|p + By + 21D — QLZ] v, (3.24)

where the constants 8 and A can be positive or negative and the powers p and q are real-valued positive constants. We
leave it as an open problem for some future studies.

3.2. Numerical method

For a constant time step At, we introduce the discrete times t, =nAt for n=0, 1, 2, ... The gradient flow with discrete
normalization (GFDN) method reads as

P X, ) = — E(—v2 +m?)S + V(X) + Blop]> + 1 P(x, ) — QLZ} d(X, 1), (3.25)

<1>(x,t):(u*|¢|2)(x,t), XeRY, ty<t<tp, (3.26)
¢(X,tn+1) d

X, by = xeR", n=>0, 3.27

R FT T G-27)

with the initial data
¢ (X, 0) = po(X), xeRY, with  [igoll2 =1. (3.28)

Let ¢™(x) and ®"(x) be the approximations of ¢ (X, t;) and ® (X, t,), respectively. The above GFDN is usually discretized in
time via the semi-implicit backward Euler method [4,13,16,60]

[€)] AN
% =- B(—v2 +m?)° V) + BI9TE A D" (X) QLZ} ¢V ), (3.29)
"0 = (U * [¢") ), xR, (3.30)
" oM (%)
¢“(x):m, xeRY n>o0. (3.31)

The ground states decay exponentially fast due to the trapping potential. Therefore, in practical computations, we first
truncate the whole space to a bounded rectangular domain and impose periodic boundary conditions. Then, we discretize
the equation (3.29) via the Fourier pseudo-spectral method in space and evaluate the nonlocal interaction ®"(x) by the
GauSum solver. The full discretized scheme of system (3.29)-(3.31) can then be solved by a fixed-point iteration or a
preconditioned Krylov subspace solver with a similar preconditioner as those in [4]. Let us define the operators

ABED . ~*3 ( V2 +m?) + VX)) + Blo")? + 1 D" (X) — Ly, (3.32)
I -1
PBAE:[At-l— (-V? +m? )] . A=V + B + A" (X) — QLy, (3.33)
I -1 1
paE" — [E + VX +Blo" > + 2 d)”(x)] . A= 5(—vz +m?)* — QL. (3.34)

Moreover, we denote by I, ABER, PBE, A?E n IP’E? n ABEQ the discretized versions of the above operators, and by ¢! and

¢" the discretization of ¢! and ¢" through the Fourier pseudo-spectral approximation. Then, the finite-dimensional linear
system corresponding to (3.29)-(3.31) reads as

ABENG(D _ pn . g/ A¢. (3.35)

Two preconditioned versions of the linear system are the following
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Fig. 1. Slice plots of ¢4 (x, 0) for Cases I-IV (from left to right) for subdispersion s <1 (top row) and superdispersion s > 1 (bottom) in Example 3.1.

(1+PREARE )¢ =PED",  or (T4 PRTARS)e" =PIETH". (3.36)
We refer the reader to [4] for more details and omit them here for brevity. Like in the standard case [4,7], the most efficient
solver uses the first preconditioned system (left) in (3.36) based on ]P"ZE. In particular, the acceleration of the convergence

of the Krylov subspace solver (BiCGStab) is visible when €2, 8 and A are large. In practice, we use this preconditioned solver
in subsection 3.3.

3.3. Numerical results

In this subsection, we report some numerical results concerning the ground states of (1.1)-(1.2) computed by the GF-
GauSum solver. To this end, unless stated, we fix m =0 and d = 2. The computational domain, mesh sizes and time step are
respectively chosen as B =[—-32,32] x [-32,32], hy=hy, = % and At =1073. The trapping potential V (x) is chosen as (1.4)
with yx =y = 1. The nonlocal interaction is of Coulomb-type with @ = 1. The initial guess ¢o(X) is chosen as

x+iy _mx?

(1 = Q) o (X) + Qepyy,(X) . 1 w2 o2
> h pho(X)=—=e~ 2, ¢y (X) = 7, Xx€eB. 3.37
10— Dgno® + g ol T o= e T I =T omen E X (337)

The ground state ¢¢(x) is reached when the stopping criterion holds: [|¢"(x) — @1 (X)|loo < €0 At. In the computations, we
choose the accuracy parameter g9 = 1072,

Po(X) =

Example 3.1 (Non-rotating FNLSE). Here, we impose €2 = 0. We study the ground states of the following four cases:

Case L. Linear case, i.e. 8 =1 =0.

Case II. Purely long-range interaction, i.e. 8 =0 and A = 10.

Case III. Purely short-range interaction, i.e. 8 =10 and A =0.

Case IV. Both long-range and short-range interactions, i.e. A = 8 = 10.

Fig. 1 shows the slice plots of the ground states along the x-axis, i.e. ¢g(x,0), for different fractional orders s of the
FNLSE.

Example 3.2 (Non-rotating FNLSE with harmonic + optical lattice potential). Here, we choose 2 = 0. We consider the ground
states of the FNLSE in a harmonic plus optical lattice potential with different parameters. To this end, we let A = 64 and
B =0 and choose the potential as
X2+ y?
2

Vx,y)= +10(sin®(7wx) + sin®(r y)).
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Fig. 2. Contour plots of the density of the ground state ¢4 (x, y) and the slice plot of ¢¢(x, y =0) in Example 3.2.

T
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Fig. 3. Critical rotating frequency vs. the fractional order s in Example 3.3.

The spatial mesh sizes are chosen as hy =hy = 3]—2 in this case. Fig. 2 shows the contour plot of the ground state density
Pg = log (x)|2 and the slice plot of ¢g(x,0) with different fractional orders s.

From Figs. 1-2 and additional results not shown here, we can conclude that (i) The ground states become more peaked
and narrower as the fractional order s tends smaller, which corresponds to subdispersion. (ii) A large fractional order helps
in smoothing out the density profile (cf. Fig. 2) for the superdispersion case. (iii) The repulsive local/nonlocal interactions
suppress the “focus” or “homogenization” effect as the dispersive order s tends smaller or larger. In other words, the repul-
sive nonlinear interaction helps to stabilize the ground states. (iv) When g and/or A are/is large, the nonlinear interaction
dominates and the dispersive effect can be neglected.

Example 3.3 (Rotating FGPE). In this example, we present the ground states of the rotating FGPE with only local nonlinear
interaction, i.e. A =0. We fix g =100.

We propose to numerically study the dependence of the first critical rotating velocity 2. to create a vortex with respect
to the fractional order s. Fig. 3 shows this relation derived by a linear regression
Qc(s) ~ —0.02634 s> +0.19393 s + 0.21071. (3.38)

Fig. 4 displays the contour plots of the ground state density pg =: \¢>g|2 for different © but with s = 1.2 (superdispersion),
while Fig. 5 shows those for different s but with & =1.35.
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Fig. 4. Contour plots of the density |¢g (%)|? in Example 3.3: s = 1.2 (superdispersion) is fixed and € varies.
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Fig. 5. Contour plots of the density \<1>g(x)|2 in Example 3.3: € =1.35 is fixed and s varies.
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From Figs. 3-5 and additional results not shown here, we can conclude that (i) The first critical rotating velocity Q.
depends almost linearly on s. (ii) For the superdispersion case, i.e. s > 1, the ground states exist for all velocities 2. As
Q increases, the ground states will undergo three phase transitions (similar to the non-fractional GPE with quartic order
trapping potential), i.e., from Gaussian-type to one-vortex profile, from vortex lattice to vortex-lattice with a hole at the
center and then to a giant vortex. (iii) For fixed 2, the vortex lattice pattern depends crucially on s. As s changes, the
ground states will undergo similar phase transitions as in the case where s is fixed and  varies. It would be interesting
to study how these critical rotating frequencies for the transitions depend on s and € as well as how they compare with
those in the case of the standard GPE.
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4. Dynamics computation: properties, numerical scheme and simulations

In this section, we first present analogous dynamical laws for some commonly used quantities in the classical rotating
GPE. Then, we extend the rotating Lagrangian coordinates transform [14] to the FGPE. In the rotating Lagrangian coordinates,
the rotation term vanishes, giving rise to a time-dependent potential. Based on the new FNLSE, we propose a time-splitting
Fourier pseudo-spectral method incorporated with the GauSum solver to simulate the dynamics.

4.1. Dynamical properties

Here we study the dynamical properties of the mass, energy, angular momentum expectation and center of mass [14].
The dynamical laws can be used as benchmarks to test the numerical methods and are briefly listed here. For details, one
can either refer to appendices or to [55] for analogous proofs to their non-fractional counterparts.

Mass and energy. The FNLSE (1.1)-(1.2) conserves the mass (1.6) and the energy (1.7), i.e.

N({t) =Nt =0), EMt) =E(t=0). (4.1)

Proof. It is straightforward to prove in a similar way as their non-fractional counterparts [55] by using the Plancherel’s
formula. O

Angular momentum expectation. The angular momentum expectation is defined as

(Lz)(®) :/&(x, Lz (x, t) dx, t>0. (4.2)
Rd
Lemma 4.1. The angular momentum expectation (L;)(t) satisfies the following equation
d
i (L)) = / [y (ydx — x0y) (V (X) + AP (X, t))dx. (4.3)

Rd
This implies that the angular momentum expectation is conserved, i.e.
(L)) =({L)(0), t=0, (4.4)

when V (x) is radially/cylindrically symmetric in 2D/3D and one of the following conditions holds: (i) . =0, (ii) A # 0, ®(X) is the
Coulomb potential or (iii) A # 0, ®(x) is the dipole potential with dipole axis parallel to the z-axis, i.e.n = (0,0, £1)T.

Proof. Details of the proof are given in Appendix A. O

Center of mass. The center of mass is defined by

xe(t) = f X1 (%, £) 2dx = (xy1, ). (45)

Rd

Lemma 4.2. The center of mass X.(t) satisfies the following equations, for 0 < s < 1 (subdispersion),

Xe — QX =i(G % v, V), (4.6)
e — 2Q ke + Q2 %%, = 2Re((c * (VY), vw)). (4.7)
Here, we set V(X, |/]) = V(X) + B|¥|? + 2D (X, t), and
0 1 0 10
]:(_1 O>’ for d=2, J=1-1 0 0], for d=3. (4.8)
0 0O
The convolution kernel G(X) reads as
3(x), s=1,
Gx) = d4s—1 (4.9)
2576{/2 2
e (%) Koy <m|x|), 0<s<1,

where §(X) is the Dirac delta function and K, (z), the modified Bessel function of the second-kind and order v, is given explicitly as
follows
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Ky(2) =

22)'T'(v + %) ]o cos(t) dt (4.10)
0

ﬁ (tZ +Z2)V+%
Proof. A detailed proof is reported in Appendix B. O

Remark 4.1. If s =1, V(x) is the harmonic potential (1.4) and ®(x) is the Coulomb potential or DDI with n = (0, 0, 1)7, then
(4.7) reduces to [14,44]

Ko —2Q )k + (% J* + A9)xc =0, (411)
where
2
ve O ) (Az 0 )
Ag= , for d=2, Ag= , for d=3. 412
d ( 0 y; d 0 22 ( )

In [44], the authors derived a dynamical law for the center of mass for the FNLSE with s € (%, 1] and a harmonic trap-
ping potential. Compared with their results, the dynamical laws (4.6)-(4.7) are simpler and hold for a general potential
V(x) as well as for the full subdispersion case, i.e. Vs € (0, 1]. It is also interesting to explore similar equations for the
superdispersion case s > 1.

Remark 4.2. We also remark here that it might be interesting to derive the dynamical laws for the condensate width §,
which is defined as
6V(t)=/v2|1p(x)|2dx, v=x yin2Dand v =x, y, zin 3D. (4.13)
Rd

The derivation and proof are feasible but tedious. One can refer to [55] for the analogous details.
4.2. Numerical method

In this subsection, we first introduce a coordinates transformation and reformulate the rotating FGPE (1.1)-(1.2) in the
new coordinates, eliminating hence the rotation term.

4.2.1. Rotating Lagrangian coordinates transformation
For any time t > 0, let A(t) be the orthogonal rotational matrix defined as [14]

cos(2t) sin(Q2t) O

), ifd=2, A(t)=| —sin(Q2t) cos(2t) 0|, ifd=3. (414)

A(t):( cos(Q2t)  sin(2)
0 0 1

—sin(Q2t) cos(2t)

It is easy to check that A~1(t) = AT(t) for any t > 0 and A(0) = I, where [ is the identity matrix. For any t > 0, we introduce
the rotating Lagrangian coordinates X as [8,14]
X=A"Tx=AT()x & x=A®DX, xeR% (4.15)

and we denote by ¢ := ¢ (X, t) the wave function in the new coordinates

pX 0=y 0=y AOX0, xR >0 (416)
By some simple calculations, one can easily obtain
Fhp (X, 1) = (X, 1) + Vi (X, 1) - (ADX) = &y (X, £) — Q(xdy — Y)Y (X, ), (417)
(=V2 +m®) Sy (x,t) = (V2 + m?)*p (X, t). (418)
Plugging them back into (1.1)-(1.2) gives the following FNLSE in the rotating Lagrangian coordinates
~ 1 ~ ~ ~ ~
idep (X, 1) = |:§(—V2+mZ)S+W(x, t) + Blo)? + A D(X, t)i|¢(x, t), XeR?Y t>0, (4.19)
dEX.t)=Ux|p>, XeRY t>o0. (4.20)

Here, W(X,t) = V(ADX) and U(X, t) reads as
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1
m, O<,LL<d—l, Coulomb,
Ax. 0 ={ —5® = 30momo (a5 ) 3D DD, (421)

3 22 1
=3 (dm.om.0 ~m3V3) (5 ) . 2D DDL,

with m(t) € R3 defined as m(t) = A~!(t)n =: ((my (t), my(t), m3(t))" and m (t) = (my (©), ma(0))".

We can clearly see that the rotation term vanishes in the new coordinates (see (4.19)). Instead, the trapping potential
and the dipole axis become time-dependent. The absence of the rotating term allows us to develop a simple and efficient
time-splitting scheme.

4.2.2. A time-splitting pseudo-spectral method

Here we shall consider the new equation (4.19)-(4.20). In a practical computation, we first truncate the problem into a
bounded computational domain B = [Lz, Rxz] x [Ly, R3] x [Lz, Rz] if d =3, or B=[L3, Rx] x [Ly, Ry] if d =2. From t =t; to
t =tp41 :=ty + At, the equation is solved in two steps. One first considers

(X, 1) = [W(i, 0+ Blol? + 10X, t)] p(X,t), XeB, tp<t<ty, (4.22)
(X, 1) = (U D) (X 1), XeB, t;<t<tp1, (4.23)
for a time step At, then solves
~ 1 ~ ~
(X, 1) = 5<—v2 +m?) p(X,0), XeB,  th<t<tp1, (4.24)

with periodic boundary conditions on the boundary 3B for the same time step. Here, 5(X,t) = |¢(X, t)|?> if X € B and
P(X,t) = 0 otherwise. The linear subproblem (4.24) is discretized in space by the Fourier pseudo-spectral method and
integrated in time exactly in the phase space. The nonlinear subproblem (4.22)-(4.23) preserves the density pointwise, i.e.
1§ (X, )% = (X, t =tn)]? = |¢"(X)|?, and it can be integrated exactly as

pE O =exp| =it~ tBl" B +19& 0+ P D]]. KeB ti=t=tun, (4.25)
P(F.0) = f R (X —F.00(F. ta)d. (4.26)
]Rd

where the time-dependent kernel Iz(i, t) has the form

; (t —tn)/ T R)M), Coloumb,
KX t)= /ﬁ(i, Dydr = =8(X)(t —tn) — 323(0(4—;';{'), 3D DDI, (4.27)
tn —%Iz(t)(z—;m), 2D DDI.

Here, the differential operators fg t) = f; dm(r)m(r)dT and Zz(t) = f[z (8mL<r>mL<r> - m%Vi) dt can be actually integrated
analytically and have some explicit expressions. One can refer to section 4.1 in [14] for more details. The GauSum solver is
then applied to evaluate the nonlocal nonlinear interaction ¢ (X, t) (4.26). In addition, we have

t

t
P(X, t):/W(i, T)dT:/V(A(T)i)dT. (4.28)
th tn

If V(x) is chosen as the harmonic potential (1.4), then P(X,t) can be calculated analytically. For a general potential, a
numerical quadrature can be used to approximate the integral (4.28).

To simplify the notations, we only present the scheme for the 2D case. Let L and M be two even positive integers. We
choose hy = R;Z“ and hy = RYA;LV as the spatial mesh sizes in the X- and y-directions, respectively. We define the indices
and grid points sets as

Tw={EemeN|0<e=L 0=m=Mm|,
Tm={p.0eN?|-12=p=L2-1, -M2=q=M2-1],
Gy = {(Re, m) = (Lx + Lhy, Ly +mhy), (¢,m) € Tim} .

We introduce the following functions

~ ~ X Yy i TS~ ~
Wpq(X,3) =t~ elta V=15 - (p q) € Tiy,
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Table 1
Spatial errors (upper parts) e'f/,‘ Ato (t) and temporal errors (lower parts) ey
fractional order s.

fto, A[([) at t = 0.4 for the dynamics of the 2D FGPE with A =0 and different

el 0 (1) h=3/4 h/2 h/4 h/8 h/16
5=0.6 146 6.93E-1 6.19E-2 4.40E-4 6.29E-8
s=0.9 136 3.05E-1 1.98E-2 7.45E-6 155E-11
s=12 8.33E-1 3.66E-2 1.19E-5 1.04E-7 5.61E-9
) At=0.02 At/2 At/4 At/8 At/16
s=0.6 6.58E-3 1.63E-3 4.08E-4 102E-4 2.53E-5
$=0.9 4.76E-3 1.18E-3 2.93E-4 731E-5 1.82E-5
s=12 7.85E-3 1.85E-3 4.56E-4 114E-4 2.83E-5
with
5 27p 7 21q ~
X y
Mp=—-—""—1 MHg=5—7=- (.9 €Tm.
Ry — L Ry — Ly

Let fi}, (f =¢, @ or P) be the approximation of f(Xe, Vm, tn) for (£,m) € Ty and n > 0. We denote by ¢" the solu-
tion at time t = t,, with components {¢},_, (¢, m) € Ty}. We take the initial data as ¢?m = ¢o(X¢, Ym), for (£, m) € Tiy.
A second-order time-splitting Fourier pseudo-spectral (TSFP) method to solve (4.19)-(4.20) is given by

L/2-1 M/2—-1

_ﬁ( )2+( i)2+25/-\ o

(1) Z Z [r“p Mg)7+m ] (¢n)pq W pq (e, Yim), (4.29)
p=—L/2 g=—M/2

P = ¢>(”exp[ [Atﬁlfbml +appi! +P"+1]], (4.30)
L/2-1 M/2-1

n+1 Z Z _iAt [(Mp)z-k(lh};/) +m ] (¢(2))pq qu(f;{[’ fj;m) (431)

p=-L/2 q=—M/2

Here, (/(b”\)pq and (¢(2))pq are the discrete Fourier series coefficients of the vectors ¢" and ¢, respectively. This method is
referred to as TS2-GauSum. The TS2-GauSum method (4.29)-(4.31) is explicit, efficient, simple to implement, unconditionally
stable and can be easily extended to high-order time-splitting schemes.

4.3. Numerical results

4.3.1. Accuracy test
In this subsection, we test the accuracy of the method TS2-GauSum (4.29)-(4.31). To this end, we consider the 2D rotating
FGPE with harmonic potential (1.4) and DDI. The parameters are chosen as d =2, 8 =100, 2 =0.5 and yx =y, = 1. The
dipole axis is n= (1, 0,0)T, while the initial data y(x) and computational domain B are respectively given by
214 a24y2
Yo(X) = —=e" " 2 xeB=[-12,12] x [—-12,12]. (4.32)
JTT
To demonstrate the results, we denote W;’:, a¢ S the numerical approximation of y (X, t = tp) obtained by the TS2-GauSum
(4.29)-(4.31) with mesh size hy =hy =h and time step At. We take the reference (“exact”) solution ¥ (X,t =t,) as its
numerical approximation obtained with very fine mesh sizes, i.e., w}’;‘o’ At with hg = 1% and At = 0.0001. The error function
is defined as follows

[R5 —Yh adlle
el A (ty) 1= —2 002 >0, (433)
WL el
where || - ||z denotes the discrete I2-norm. Table 1 shows the error functions for the FGPE with A = 0 and different s, while

Table 2 reports those for the FGPE with s = 1.2 and different A at time t = 0.4. From Tables 1-2, we can clearly see the
TS2-GauSum method is spectral-order accurate in space and second-order accurate in time.

4.3.2. Dynamics simulation

In this subsection, we present some numerical results for the dynamics of the FNLSE/FGPE solved by TS2-GauSum. To this
end, unless stated otherwise, we let m =0, d =2 and choose the computational domain as B=[—16, 16] x [—16, 16]. The
mesh sizes in space and time are chosen as hy =hy = % and At =103, respectively. The trapping potential V (x) is chosen
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Table 2

Spatial errors (upper parts) e':”‘ Ato (t) and temporal errors (lower parts) e

strength of DDI A.
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ho. At
v

(t) at t = 0.4 for the dynamics of the 2D FGPE with s = 1.2 and different

el 0 (1) h=3/4 h/2 h/4 h/8 h/16
r=1 1.10 1.00E-1 213E-4 3.59E-9 1.65E-10
2=5 126 1.24E-1 5.49E-4 1.03E-8 4.57E-10
1=10 1.38 1.54E-1 1.27E-3 2.84E-8 117E-9
e’;}” ALy At =0.02 At/2 At/4 At/8 At/16
r=1 6.51E-3 1.56E-3 3.88E-4 9.66E-5 2.40E-5
A=5 8.08E-3 1.84E-3 4,55E-4 113E-4 2.82E-5
A=10 1.33E-2 2.24E-3 5.46E-4 1.36E-4 3.38E-5
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Fig. 6. Time evolution of the energies, center of mass and condensate width in Example 4.1 for case I for: (a) s =1 (standard case), (b) s =0.95 (subdisper-

sion case) and (c) s = 1.5 (superdispersion case).

as (1.4) with yx = yy = 1. The nonlocal interaction is chosen as Coulomb-type with © =1 for Examples 4.1 and 4.2, while it

is taken as DDI for Example 4.3. The initial data is set to

Yo(X) = ¢ (X — Xg) eV O8x+0:5y)

(4.34)

where ¢>fg° is the ground state of the FNLSE with the fractional order sy and other parameters specified in those correspond-
ing examples below. Starting from the ground state ¢fg° (%), we shift it by xo € R? and/or imprint an initial momentum as

shown above.
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Fig. 7. Time evolution of the energies, center of mass and condensate width in Example 4.1 for case II for: (a) s = 0.5 (subdispersion case), (b) s =1.1
(superdispersion case).

Example 4.1 (Dynamics of the FNLSE). (Xo = (0, 0)7). In this example, let  =Q =0, A, =—1, vo =1 and X¢ = (0, 0)T in (4.34).
We study two cases in (4.34): Casel: so =1, CaseIl: sg =s.

Figs. 6 and 7 show the dynamics of mass, energy, center of mass, condensate widths of the FNLSE with different fractional
orders s. We can observe that (i) The mass and total energy are well conserved. (ii) The fractional order significantly
affects the dynamics of the FNLSE. As we know, for the classical NLSE (s = 1), the density profile retains its initial shape,
meanwhile swings periodically in the harmonic trap (cf. Fig. 6 (a)). However, for the fractional case (s # 1), the density
profile is quite different from the initial profile. For the subdispersion case, s < 1, the decoherence emerges, i.e. the loss of
solitary profile, and it becomes stronger when |s — 1] is larger. For superdispersion, i.e. s > 1, there is much less decoherence
observed. The density profile would exhibit damped oscillations around what appears to be a rescaled ground state, which
behaves similarly as the breather solutions of the classical NLSE. (iii) For both cases, the decoherence is weak and turbulence
(the high frequencies) does not emerge, letting alone the chaotic dynamics. The turbulence and/or chaotic dynamics might
emerge if the initially imprinted momentum is large enough.

Example 4.2 (Dynamics of the FNLSE with position shifts in initial data). Let Q = 0. With fixed s = s¢g = 0.75 (subdispersion) and
vo =0 in (4.34), we study the following four cases:

Case I. Linear fractional Schrodinger equation. Let 8 =1 =0, xo = (1, )T.
Case II. Linear fractional Schrodinger equation. Let 8 =X =0, Xo = (3, 3)7.
Case III. FNLSE with purely short-range interaction. Let 8 =50, A =0, xo = (3, 3)".
Case IV. FNLSE with purely long-range interaction. Let 8 =0, 1 =10, X = (3, 3)7.

Fig. 8 shows the dynamics of the mass, energy, center of mass, condensate widths, while Fig. 9 shows the contour plot of
the density |y (x,t)|? at different times. Similarly to Example 4.1, we can see that (i) For the FNLSE, the density profile no
longer retains its initial shape as in the classical NLSE. The density profile also oscillates around the center of the trap and
decoherence emerges. (ii) The dynamics of the wave function depends crucially on the initial shift xg. If the initial shift is
small, the initial shape is changed slightly, i.e. the decoherence is small (cf. Fig. 9 (a)), while for large shifts, the decoherence
appears very quickly. Turbulence and chaotic dynamics might also occur for a large X in the linear FSE (cf. Fig. 9 (b)). (iii)
Both the short- and long-range nonlinear interactions can reduce and/or delay the emergence of decoherence and suppress
the wave function from chaotic dynamics. Turbulence emerges in the FNLSE with pure local nonlinearity (see Fig. 9 (c)),
while the decoherence is weaker in the FNLSE with pure nonlocal nonlinearity. The density profile would actually oscillate
like a breather (cf. Fig. 9 (d)). It would also be interesting to investigate the decoherence and turbulence properties in the
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Fig. 8. Time evolution of the energies, center of mass and condensate width in Example 4.2 for cases I to IV (from top to bottom). Here, we consider a

subdispersion case for s =sy = 0.75.

superdispersion case s > 1 and analyze how they are affected through a rotation effect. This will be considered in future

research. Our results are in accordance with those reported in [44].

Example 4.3 (Dynamics of the vortex lattice). In (4.34), choose vy =0 and ¢>§° as the ground state of the FNLSE with parame-
ters s=s9 =1.2, 2 =1.35, 8 =100 and A = 0. The contour plot of |w§°|2 is shown in Fig. 4 (first one in third row). With

this initial data, we carry out the following five cases:

e Case L. Perturb the trapping frequency in both x— and y— directions: yx =yy =1.5.
e Casell Perturb the fractional order to a subdispersion one: s =0.7.

e Case IlI. Perturb the fractional order to a superdispersion one: s = 1.5.

e CaseIV. Turn on the dipole interaction by setting A = 80 with dipole axis n= (1,0, 0).
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Fig. 9. Contour plots of the density | (x,t)|> at different times in Example 4.2 for cases I to IV (from top to bottom). Here, we consider sy = 0.75
(subdispersion).

Fig. 10 depicts the contour plot of the density | (x,t)|? at different times. Form this example and other additional
numerical results, we can see that: (i) In an isotropic trapping potential, i.e. yx = yy, the lattices rotate around the origin
and keep the similar symmetry and pattern as the initial one. In addition, the lattices also undergo a breather-like dynamics
(cf. Fig. 10 (a)). While if yx # yy, symmetry breaking of the lattices would show up and the lattices rotate to form a different
pattern. The number of vortices is conserved in both situation. (ii) While the fractional order is perturbed, breather-like
behavior of the lattices appears. Meanwhile, decoherence/turbulence emerges if the fractional order is perturbed too much
and the vortex structure is destroyed (cf. Fig. 10 (b) & (c)). (iii) While the DDI is present, the lattices pattern changes during
the dynamics. The lattices rotate and redistribute according to the dipole axis.

5. Conclusion

In this paper, we proposed efficient and robust numerical methods for computing the ground states and dynamics of the
FNLSE equation with an angular momentum and nonlocal interaction potentials. Existence and non-existence of the ground
states were presented and dynamical laws for the mass, energy, angular momentum and center of mass were obtained.

We then studied the ground states and dynamics of the FNLSE numerically. It was found that the fractional order s
affects both the ground states and dynamics in a significant way. The ground states become more peaked as s < 1 tends
smaller, corresponding here to subdispersion. For the superdispersion case, i.e. s > 1, the creation of a giant vortex can
be observed for a fast rotating system, which is totally different from the behavior of the classical GPE. Critical values of
the rotating frequencies to create the first vortex solution are numerically found to be dependent on s. The vortex lattice
pattern depends on both s and 2. For the dynamics, decoherence as well as turbulence were observed when an initial data
is prepared from a ground state with imprinted phase shift and/or position shift. It is shown that the smaller the fractional
order s is, the easier the decoherence emerges. The larger the initial shift is, the easier the turbulence and chaotic dynamics
arise. Furthermore, the presence of repulsive nonlinearities, both local and nonlocal, can suppress the “peaking” effects of
the ground states and the decoherence/turbulence observed in the dynamics.

It is worthwhile to remark that the ground states of the FNLSE decay only algebraically as |x| — oo when the external
potential V(x) is bounded [33] and B < 0. A very large computational domain is necessary for both the ground state
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Fig. 10. Contour plots of the density |y (x,t)|? at different times in Example 4.3 for cases I to IV (from top to bottom).

computation and the dynamics [45]. It would be interesting and crucial to derive a fractional version of the free boundary
conditions such as the transient BC, absorbing BC and also the PML [2] for the FNLSE.
Finally, let us emphasize that the time and space fractional NLSE, for 0 <y <1,

i y(x, t) = B (—v2 + mz)s + V&) + BlY X, )]> + A0 (X, t) — QLZ] VX, t), (5.35)
Ox ) =Ux|Yyx D>, xeRY t>0 d>2 (5.36)

is also very interesting for some applications [29,47,50,59]. The next step of our work would consist in analyzing efficient
and accurate numerical methods for solving FNLSEs both in space and time and understand their behavior and properties.
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Appendix A. Proof of Lemma 4.1

Let us introduce k = (k],kz,kg)T ifd=3, and k= (k1,k2)T if d=2. Let J, = ydx —xdy and T.= ko0, — k10k,. Then, we
have ]/ZT// = fz fb\ Differentiating (4.2), noticing (1.1) and using the Plancherel’s formula, we have

d

L)) = (L, )+ (Lt Yo) = — (v, Jaw) = (s i)
— 1 _1 2 2\S AAA_AAE 2 N .
_7(27r)d{ G2 +m2) T+ 59, T2 — (T3 5 (K +m)1p+V1//)}, A1)

with V¢ := V¢ + Ad . The rotation and local nonlinear terms cancel. We omit both for brevity.
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By integrating the above equation by parts, we have

%<L2>(t)=(217w{—<%(|k|2+m VU + VT + (9. T G [k|? +m? A+v7f>>}
=W{<$,YZ(W)>—<W,TZ$>} (zmd{ T V%) — (V. 290}
—(20 V) = (V¥ S ) = (1Y ,sz>=/|¢r|2<yax—xay)(V(x>+m>(x, 0)dx. (A2)
Tl;erfefore, by adapting the polar/cylindrical coordinates transforr;ation in 2D/3D and noticing ydy — xd, = —dy, one can
obtain
I =: / |1/f|2(yax —x0y)V(x)dx =0, (A.3)

provide that V (x) is radially/cylindrically symmetric in 2D/3D. Now that

I = / WP =3y O, X = )dw 7.9) = / A [ P (kady, — ki) |y 12dK, (A4)
Rd Rd

applying the polar/cylindrical coordinates transformation in 2D/3D in the Fourier space, it is easily to get I, =0 if Z](k) in
(1.5) is chosen as the Coulomb-type interaction or DDI with n= (0,0, )7. O

Appendix B. Proof of Lemma 4.2
Step 1: By differentiating (4.5) and noticing (1.1), we have
. d 1 . ) . ) ) )
Xc(t) = a(’“lf, ¥)= 70“% V) Hixy, i) =1 [(Xy, ive) — (Xie, ¥)]
i 2\s 25\s
=5 [v A+ M) — (A + MYy | - QU v) + (vxS). (B1)

An integration by parts and an application of Plancherel’s formula lead to

. 1 o -~ s s~
xe(t)= 3 @ [V, (K2 4+ m2)* ) = (9l (K2 4+ m2) T A0, ) | + v X, )
= Gy (K +m®) 'Ky, ) + QJxc. (B.2)

Note that (B.2) is well-defined for Vs > 0. If s =1, (B.2) yields

Xe(6) = QJxe = —— (K, ) =i(¥, V¥) =i(G %y, Vi), (B3)

@n)

with G(x) =8(x). If 0 <s < 1, we have

(|k|2+m2)5_] :%/A*Se*”"“”mzﬂdk, with ¢ =T(1—s)/m'". (B.4)

: 0

Hence, one gets

sF ((|k|2 +m?)* @) —s (le)d /(|k|2 + mz)s_lf/;eik"‘dk

Rd
o0 o0
= CS_S 23S efn)hmz (Zn)d /we—nxlkl XX gk | dn = a/)\—s e—zr)\m2 [1// w F1 (e—nk\klz)]dk
0 Rd
? 2
0 Rd

oo

=ﬁ / v (y) / A e o = (6+v)w, (B.5)
Rd

0
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with
co d
s 25+d 2 x12 2s—d/2¢ m 5+s—1
CX)=—— | A2 e ™ e mmdp=—— [ — K (mx), B.6
® cs(Zn)d/ r(1—s)mir? <|x|> d s 1 (mIXI (B.6)
0

where K, (z) is the modified Bessel function of the second-kind and order v defined by (4.10). Finally, we obtain
S

Xc(t) — QJxc = 2n)d

(kP2 +m?)s kg, &) = (sjr—1 (K% +m2y1), 7! (kfi)) =i{(G*y).VY). (B

Step 2: Let us consider the second-order derivative of (B.2). By (B.5), we have

%e(0) — Q% = 25Re(Ca(k(ki? +m?) ™ e, 7)) = 25 Im(Cal it k(I +m?)' ) )

-~

=21m(CatsF (K2 +m? VY ), F7 (1D ))) + 5 @[ Cal T, k(K2 +mD) 1T )

o~

+Cal T, To (kP +m2) 1)) = otk +m?) 1, T2 |

2Re((G + (V). V) + s R Cal (K +m?) ", Tk)
2Re((G + V), Vi) + 2 (ke — 2Jxc).
Hence, we obtain

Re(0) — 29 ke + 22 J2xc :2Re((G # (vw),vw)), (B.8)
ending hence the proof. [J

References

[1] G.L. Aki, PA. Markowich, C. Sparber, Classical limit for semi-relativistic Hartree system, J. Math. Phys. 49 (2008) 102-110.
[2] X. Antoine, A. Arnold, C. Besse, M. Ehrhardt, A. Schddle, A review of transparent and artificial boundary conditions techniques for linear and nonlinear
Schrodinger equations, Commun. Comput. Phys. 4 (2008) 729-796.
[3] X. Antoine, W. Bao, C. Besse, Computational methods for the dynamics of the nonlinear Schrédinger/Gross-Pitaevskii equations, Comput. Phys. Com-
mun. 184 (2013) 2621-2633.
[4] X. Antoine, R. Duboscq, Robust and efficient preconditioned Krylov spectral solvers for computing the ground states of fast rotating and strongly
interacting Bose-Einstein condensates, J. Comput. Phys. 258 (2014) 509-523.
[5] X. Antoine, R. Duboscq, GPELab, a Matlab toolbox to solve Gross-Pitaevskii equations I: computation of stationary solutions, Comput. Phys. Commun.
185 (2014) 2969-2991.
[6] X. Antoine, R. Duboscq, GPELab, a Matlab toolbox to solve Gross-Pitaevskii equations II: dynamics and stochastic simulations, Comput. Phys. Commun.
193 (2015) 95-117.
[7] X. Antoine, R. Duboscq, Modeling and computation of Bose-Einstein condensates: stationary states, nucleation, dynamics, stochasticity, in: Nonlinear
Optical and Atomic Systems: at the Interface of Mathematics and Physics, in: Lecture Notes in Mathematics, vol. 2146, Springer, 2015, pp. 49-145.
[8] P. Antonelli, D. Marahrens, C. Sparber, On the Cauchy problem for nonlinear Schrédinger equations with rotation, Discrete Contin. Dyn. Syst., Ser. A 32
(2012) 703-715.
[9] W. Bao, Y. Cai, Mathematical theory and numerical methods for Bose-Einstein condensation, Kinet. Relat. Models 6 (2013) 1-135.
[10] W. Bao, Y. Cai, H. Wang, Efficient numerical methods for computing ground states and dynamics of dipolar Bose-Einstein condensates, J. Comput. Phys.
229 (2010) 7874-7892.
[11] W. Bao, X. Dong, Numerical methods for computing ground state and dynamics of nonlinear relativistic Hartree equation for boson stars, ]. Comput.
Phys. 230 (2011) 5449-54609.
[12] W. Bao, H. Jian, NJ. Mauser, Y. Zhang, Dimension reduction of the Schrédinger equation with Coulomb and anisotropic confining potentials, SIAM ]J.
Appl. Math. 73 (2013) 2100-2123.
[13] W. Bao, S. Jiang, Q. Tang, Y. Zhang, Computing the ground state and dynamics of the nonlinear Schrodinger equation with nonlocal interactions via the
nonuniform FFT, ]. Comput. Phys. 296 (2015) 72-89.
[14] W. Bao, D. Marahrens, Q. Tang, Y. Zhang, A simple and efficient numerical method for computing the dynamics of rotating Bose-Einstein condensates
via rotating Lagrangian coordinates, SIAM ]. Sci. Comput. 35 (2013) A2671-A2695.
[15] W. Bao, Q. Tang, Z. Xu, Numerical methods and comparison for computing dark and bright solitons in the nonlinear Schrodinger equation, J. Comput.
Phys. 235 (2013) 423-445.
[16] W. Bao, Q. Tang, Y. Zhang, Accurate and efficient numerical methods for computing ground states and dynamics of dipolar Bose-Einstein condensates
via the nonuniform FFT, arXiv:1504.02897.
[17] S.S. Bayin, On the consistency of solutions of the space fractional Schrédinger equation, J. Math. Phys. 53 (2012) 042105.
[18] S.S. Bayin, Comment on “On the consistency of solutions of the space fractional Schrodinger equation”, ]. Math. Phys. 54 (2013) 074101.
[19] C. Besse, G. Dujardin, 1. Lacroix-Violet, High-order exponential integrators for nonlinear Schrodinger equations with application to rotating Bose-
Einstein condensates, 2015, (hal-01170888).
[20] R. Carles, P.A. Markowich, C. Sparber, On the Gross-Pitaevskii equation for trapped dipolar quantum gases, Nonlinearity 21 (2008) 2569-2590.
[21] Y. Cho, H. Hajaiej, G. Hwang, T. Ozawa, On the Cauchy problem of fractional Schrédinger equation with Hartree type nonlinearity, Funkc. Ekvacioj 56
(2013) 193-224.
[22] Y. Cho, H. Hajaiej, G. Hwang, T. Ozawa, On the orbital stability of fractional Schrédinger equations, Commun. Pure Appl. Anal. 13 (2014) 1267-1282.
[23] Y. Cho, T. Ozawa, On the semi-relativistic Hartree-type equation, SIAM ]. Math. Anal. 38 (2006) 1060-1074.


http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414D5332303038s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414142455332303038s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414142455332303038s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib41424232303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib41424232303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414431s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414431s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414432s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414432s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414433s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414433s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4144426F6F6B43686170746572s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4144426F6F6B43686170746572s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414D5332303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib414D5332303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424332303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib42435732303130s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib42435732303130s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424432303131s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424432303131s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424A4D5A32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424A4D5A32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424A545A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424A545A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424D545A32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib424D545A32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib42545832303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib42545832303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib42545A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib42545A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib426179696E32303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib426179696E32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib434D5332303038s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4348484F32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4348484F32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4348484F32303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib434F32303036s1

X. Antoine et al. / Journal of Computational Physics 325 (2016) 74-97 97

[24] V. Coti Zelati, M. Nolasco, Existence of ground states for nonlinear, pseudo-relativistic Schrodinger equations, Rend. Lincei, Mat. Appl. 22 (2011) 51-72.

[25] L. Danaila, P. Kazemi, A new Sobolev gradient method for direct minimization of the Gross-Pitaevskii energy with rotation, SIAM ]. Sci. Comput. 32
(2010) 2447-2467.

[26] Q. Du, M. Gunzburger, R.B. Lehoucq, K. Zhou, Analysis and approximation of nonlocal diffusion problems with volume constraints, SIAM Rev. 54 (2012)
667-696.

[27] S. Duo, Y. Zhang, Mass-conservative Fourier spectral methods for solving the fractional nonlinear Schrédinger equation, Comput. Math. Appl. 71 (11)
(2016) 2257-2271.

[28] A. Elgart, B. Schlein, Mean field dynamics of boson stars, Commun. Pure Appl. Math. 60 (2007) 500-545.

[29] H. Ertik, D. Demirhan, H. Sirin, F. Buyukkilic, Time fractional development of quantum systems, J. Math. Phys. 51 (2010) 082102.

[30] H. Ertik, H. Sirin, D. Demirhan, F. Buyukkilic, Fractional mathematical investigation of Bose-Einstein condensation in dilute 8’Rb, 2>Na and 7Li atomic
gases, Int. ]. Mod. Phys. B 26 (2012) 1250096.

[31] L. Exl, N.J. Mauser, Y. Zhang, Accurate and efficient computation of nonlocal potentials based on Gaussian-sum approximation, arXiv:1501.04438.

[32] R.P. Feynman, A.R. Hibbs, Quantum Mechanics and Path Integrals, McGraw-Hill, New York, 1965.

[33] R.L. Frank, E. Lenzmann, Uniqueness of nonlinear ground states for fractional Laplacians in R, Acta Math. 210 (2013) 261-318.

[34] ]. Frohlich, E. Lenzmann, Blowup for nonlinear wave equations describing boson stars, Commun. Pure Appl. Math. 60 (2007) 1691-1705.

[35] B. Guo, X. Pu, F. Huang, Fractional Partial Differential Equations and Their Numerical Solutions, World Scientific, Singapore, 2015.

[36] E. Hawkins, ].M. Schwarz, Comment on “On the consistency of solutions of the space fractional Schrédinger equation”, J. Math. Phys. 54 (2013) 014101.

[37] B.I. Henry, TA.M. Langlands, P. Straka, An introduction to fractional diffusion, in: R.L. Dewar, F. Detering (Eds.), Complex Physical, Biophysical and
Econophysical Systems, in: World Scientific Lecture Notes in Complex Systems, vol. 9, World Scientific, Hackensack, NJ, 2010.

[38] Y. Hong, Y. Sire, On fractional Schrédinger equation in Sobolev spaces, Commun. Pure Appl. Anal. 14 (2015) 2265-2282.

[39] A.D. lonescu, F. Pusateri, Nonlinear fractional Schrédinger equations in one dimension, J. Funct. Anal. 266 (2014) 139-176.

[40] M. Jeng, S.-L.-Y. Xu, E. Hawkins, J.M. Schwarz, On the nonlocality of the fractional Schrédinger equation, J. Math. Phys. 51 (2010) 062102.

[41] S. Jiang, L. Greengard, W. Bao, Fast and accurate evaluation of dipolar interaction in Bose-Einstein condensates, SIAM ]. Sci. Comput. 36 (2014)
B777-B794.

[42] G.E. Karniadakis, ].S. Hesthaven, I. Podlubny, Fractional PDEs theory, numerics and applications, J. Comput. Phys. 293 (2015) 1-462.

[43] K. Kirkpatrick, E. Lenzmann, G. Staffilan, On the continuum limit for discrete NLS with long-range lattice interactions, Commun. Math. Phys. 317 (2012)
563-591.

[44] K. Kirkpatrick, Y. Zhang, Fractional Schrédinger dynamics and decoherence, 2014, preprint.

[45] C. Klein, C. Sparber, P. Markowich, Numerical study of fractional nonlinear Schrédinger equations, Proc. R. Soc. A 470 (2014) 20140364.

[46] N. Laskin, Fractional quantum mechanics and Lévy path integrals, Phys. Lett. A 268 (2000) 298-304.

[47] N. Laskin, Fractional Schrodinger equation, Phys. Rev. E 66 (2002) 056108.

[48] N. Laskin, Principles of fractional quantum mechanics, arXiv:1009.5533.

[49] E.H. Lieb, M. Loss, Analysis, American Mathematical Society, 2001.

[50] M. Naber, Time fractional Schrodinger equation, J. Math. Phys. 45 (2004) 3339.

[51] L. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering, vol. 198, Academic Press, 1999.

[52] S. Secchi, Ground state solutions for nonlinear fractional Schrédinger equation in RN, J. Math. Phys. 54 (2013) 031501.

[53] S. Secchi, M. Squassina, Soliton dynamics for fractional Schrodinger equation, Appl. Anal. 93 (2014) 1702-1729.

[54] X. Shang, J. Zhang, Ground state for fractional Schrodinger equation with critical growth, Nonlinearity 27 (2014) 187-207.

[55] Q. Tang, Numerical studies on quantized vortex dynamics in superfluidity and superconductivity, Ph. D thesis, National University of Singapore, 2013.

[56] N. Uzar, S. Ballikaya, Investigation of classical and fractional Bose-Einstein condensation for harmonic potential, Physica A 392 (2013) 1733-1741.

[57] N. Uzar, S.D. Han, T. Tufekci, E. Aydiner, Solutions of the Gross-Pitaevskii and time fractional Gross-Pitaevskii equations for different potentials with
homotopy perturbation method, arXiv:1203.3352.

[58] P. Wang, C. Huang, An energy conservative difference scheme for the nonlinear fractional Schrédinger equations, . Comput. Phys. 293 (2015) 238-251.

[59] S. Wang, M. Xu, Generalized fractional Schrodinger equation with space-time fractional derivatives, J. Math. Phys. 48 (2007) 043502.

[60] Y. Zhang, X. Dong, On the computation of ground state and dynamics of Schrodinger-Poisson-Slater system, J. Comput. Phys. 230 (2011) 2660-2676.


http://refhub.elsevier.com/S0021-9991(16)30352-7/bib434E32303131s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib444B32303130s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib444B32303130s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib44474C5A32303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib44474C5A32303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib445A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib445A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib455332303037s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib54696D654672616374696F6E616C457274696Bs1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4553444232303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4553444232303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib454D5A32303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib464831393635s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib464C32303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib464C32303037s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib47756F50754875616E67426F6F6Bs1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib485332303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib484C53426F6F6B43686170746572s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib484C53426F6F6B43686170746572s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib485332303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib495032303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4A58485332303130s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4A474232303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4A474232303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib5370656369616C49737375654A4350s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4B4C5332303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4B4C5332303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4B534D32303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4C61736B696E30s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4C61736B696E33s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4C61736B696E35s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4C4C32303031s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib4E6162657232303034s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib506F6431393939s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib53656363686932303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib535332303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib5368616E675A32303134s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib54616E6732303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib554232303133s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib5548544132303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib5548544132303132s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib574832303135s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib575832303037s1
http://refhub.elsevier.com/S0021-9991(16)30352-7/bib5A4432303131s1

	On the ground states and dynamics of space fractional nonlinear Schrödinger/Gross-Pitaevskii equations with rotation term and nonlocal nonlinear interactions
	1 Introduction
	2 Brief review of the Gaussian-Sum (GauSum) method
	3 Ground state computation: properties, numerical scheme and simulations
	3.1 Existence and nonexistence of the ground states
	3.2 Numerical method
	3.3 Numerical results

	4 Dynamics computation: properties, numerical scheme and simulations
	4.1 Dynamical properties
	4.2 Numerical method
	4.2.1 Rotating Lagrangian coordinates transformation
	4.2.2 A time-splitting pseudo-spectral method

	4.3 Numerical results
	4.3.1 Accuracy test
	4.3.2 Dynamics simulation


	5 Conclusion
	Acknowledgements
	Appendix A Proof of Lemma 4.1
	Appendix B Proof of Lemma 4.2
	References


